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Motion coordination of autonomous vehicles has applications from target surveil-
lance to climate monitoring. Previous research has yielded stabilizing formation
control laws for a self-propelled vehicle model with first-order rotational dynamics;
however this model does not adequately describe the rotational and translational
dynamics of vehicles in the atmosphere or ocean. This thesis describes the design
of decentralized algorithms to control self-propelled vehicles with second-order ro-
tational and translational dynamics. Backstepping controls for parallel and circular
formations are designed in the absence of a flowfield and in a steady, uniform flow-
field. Backstepping and proportional-integral controllers are then used to stabilize
yaw in a rigid-body model. Feedback linearization is used to attain the desired
forward speed. These formation control laws extend prior results to a more real-
istic vehicle model. Aside from the addition of new sensing and communication
requirements, the second-order control laws are demonstrated to have comparable
performance to the first-order controllers. The theoretical results are illustrated by

numerical simulations.



BACKSTEPPING CONTROL DESIGN FOR THE
COORDINATED
MOTION OF VEHICLES IN A FLOWFIELD

by

Rochelle Mellish

Thesis submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of

Master of Science
2011

Advisory Committee:
Dr. Derek A. Paley, Chair/Advisor
Professor Balakumar Balachandran
Dr. J. Sean Humbert



(© Copyright by
Rochelle Mellish
2011



Acknowledgments

My deepest gratitude goes to my Lord and Savior Jesus Christ — from whom
all blessings flow. This experience has truly been a blessing, because I have had the
opportunity to contribute to the field of aerospace engineering. From early on, it
has been evident to me that it is God who directed my steps to be here.

I’d like to thank my advisor, Dr. Paley, for giving me an invaluable opportunity
to work on challenging and interesting projects during my time at Maryland. It has
been a pleasure to work with and learn from him.

My gratitude also goes to the other graduate students in the Collective Dynam-
ics and Control Laboratory, whose company has brightened my days at Maryland.

Looking back to my initial days at the University of Maryland, I extend special
thanks to Dr. Pines for believing in my ability to succeed in graduate school. I would
also like to acknowledge Ms. Rosalia Webb for her assistance and advice, which truly
brightened my first year here.

I owe the sincerest thanks to my parents. They have stood by my side in
everything that I have wanted to do. They have prayed without ceasing for me, and
devoted much of their time to my well-being.

Lastly, I would like to acknowledge financial support for the work of this thesis
from the Office of Naval Research (ONR), and I would like to thank the Alfred P.
Sloan Foundation Graduate Scholarship Program and the University of Maryland
Department of Aerospace Engineering for their financial support of my graduate
studies.

Rochelle Mellish

i



Dedication

This thesis is dedicated to my family.

1ii



Table of Contents

[List of Figures|

[List of Symbols|

[L__Introductionl
(1.1  First-Order Rotational Dynamics and the Particle Model . . . . . ..
(.2 Rigid Motions in SE(2) . . . . . ... ... ... ...
(.3 Review of Parallel and Circular Formationsl. . . . . .. ... ... ..

[2  Backstepping Control Design|

RI Overviewl. . . . . . . . .
[2.2  Backstepping and the Particle Model . . . . . .. .. ... ... ...

[3  Control of Second-Order Rotational Dynamics via Backstepping |
I;i.l l !‘!lilllg:l [!zllll!‘!l‘lglll g:!!llll!zl | .......................

4.1 Parallel Formation Controll . . . . . . ... ... ... ... ... ...

[>  Considerations for Implementing the Backstepping Control |
.1 Computing the Steering Control for Vehicles in a Flowfield| . . . . . .
[5.2  Sensing and Communication Requirements| . . . . . . . . ... .. ..
[>.3  Comparison to Proportional Controll . . . . . . ... ... ... ...

6  Extension to Planar Rigid-Body Dynamics|

[ Control of Planar Rigid-Body Dynamics |
[[.1 Parallel Formation Controll . . . . . . ... .. ... ... ... ...

(8 Control of Planar Rigid-Body Dynamics in a Unitorm Flowfield|
K1 Parallel Formation Controll . . . . . . . ... .. ... ... ... ...

9 Conclusion|

v

vii

10
12

16
16
19

22
22
26

31
31
34

38
38
39
40

43

49
49
52

60
62
67

72

74

81



List of Figures

1.1  Autonomous vehicles [7, BI,23] . . . ... ... ... ... ... ... 3
(1.2 First-order vehicle model: particles with similar movement capabili- |
[ ties tononholonomic carts). . . . . .. ... ..o 000000 7
(.3 (a) A single particle in the plane. (b) A single particle in a flowfield.[. 8
(1.4 Block diagram for the first-order particle model.| . . . . . . . . . . .. 11
(1.5 Block diagram for the first-order particle model in terms of shape |
| variables . . . . ..o 15
[3.1 Block diagram for the second-order vehicle model|. . . . . . . . ... 23
3.2 (a) Synchronized motion of self-propelled vehicles with second-order |
| rotational dynamics. The dotted-line trajectories indicate that a par- |
| allel formation has been attained. (b) Turning rate of each vehicle, |
| stabilized to zero using the backstepping-based controller. The vehi- |
| cles have been randomly initialized.| . . . . . . ... .. ... ... .. 26
(3.3 (a) Stabilization of a circular formation of self-propelled vehicles with

second-order rotational dynamics. (b) The steady-state turning rate

of each vehicle is wy = 1. The vehicles have been randomly initialized] 29

Il

(a) Stabilization of a parallel formation in a uniform, time-invariant

flowfield @ = 0.5. (b) Turning rate of each vehicle, stabilized to zero

using the backstepping-based controller. Randomly-generated initial

I conditlONS. -« « .« v o .o 34
1.2 (a) Stabilization of a circular formation in a uniform, time-invariant
flowfield & = 0.5. (b) The steady-state turning rate of each vehicle
is wg = 1 (shown for only one vehicle). Randomly-generated initial
conditions. . . . . . .. 37
[>.1 Block diagram for the second-order vehicle model in terms ot shape |
| variables) . . . . ..o 40
{6.1 (a) Rigid-body model (b) Reference frames, no flow (c) Reference |
| frames in flowheld f| . . . . ..o 46
[6.2  Block diagram for the rigid-body model.| . . . . . . .. ... ... .. 48
[7.1 (a) Rigid-body parallel motion in the plane. (b) Velocity component |
| of parallel motion. Randomly-generated initial conditions] . . . . . . 50
7.2 Tllustration of the condition U,,, = 0. p is the initialization point in |
o 52
[7.3 (a) Rigid-body circular motion in the plane. (b) Velocity component |
| of circular motion with time. Randomly-generated initial conditions.|. 54
[7.4 Mlustration of the condition U.;,. = 0. p is the initialization point in |
L RO 56



8.1 (a) Rigid body parallel motion in a flowfield. Blue arrows represent

the direction of heading; red arrows represent the total velocity. (b)

Crab angles 3, and 3, with time. Randomly initialized.|. . . . . . . . 64
8.2 Tlustration of the condition Uy, = 0 in a flowfield. p is the initial- |
ization point in R®. | . . . . . . ... 66

[8.3  Diagram of the modified vehicle, with a moment couple realized by

8.4 Circular motion in a flowfield (a) without a prescribed center and (b)

with a prescribed center at [0, 0]. Black arrows show the direction of

heading, red arrows indicate the total velocity. Randomly-generated

initial conditions) . . . . . ... oL Lo 69
8.5 (a) Locally-measured crab angle.(b) Inertially-measured crab angle |
with time. Results are shown for only one vehicle| . . . . . . . . . .. 70
8.6 (a) Total speed s, in the body frame. (b) Inertially-measured speed |
of the kth vehicle. Results are shown for only one vehicle|. . . . . .. 71

8.7 Steady-state error wyS — Bk — wy, vs. time. Results are shown for all

vehicles| . . . . L 71

[A.1 A rigid-body in a uniform flowfield. The drag is assumed to act a

distance [; from the center of mass. | . . . . . . . . .. .. ... ... 74

vi



List of Symbols

rr  position of kth vehicle

0,  velocity heading of kth vehicle

up  steering control for first-order vehicle representation

ap  steering control for second-order vehicle representation

Ar  steering control for second-order vehicle representation in flowfield
m real coordinate of vehicle velocity (backstepping)

nex imaginary coordinate of vehicle velocity (backstepping)

nsx representation of kth vehicle’s velocity heading (backstepping)
71, Teal coordinate of vehicle velocity in flowfield

To, imaginary coordinate of vehicle velocity in flowfield

T3, representation of kth vehicle’s velocity heading in flowfield

& kth vehicle’s turning rate (backstepping)

wi  kth vehicle’s turning rate (rigid-body)

Qr  kth vehicle’s turning rate when a flowfield is present (backstepping)
fr  flowfield as measured by the kth vehicle

! magnitude of real flow component

vk inertial velocity heading of the kth vehicle (particle model)

sr  total speed of the kth vehicle

Sx  inertial speed of the kth vehicle in rigid body model

wp  curvature of circular trajectory

¢ center of the kth vehicle’s circular trajectory

¢ desired first-order rotational dynamics

P N x N projector matrix

u,  forward velocity in the kth body frame

v, sideslip velocity in the kth body frame

P fluid density

S vehicle reference area

Cp drag coefficient

Dy, drag of kth vehicle

T,  thrust of kth vehicle

Fy.  steering force of kth vehicle

[ distance from vehicle center of mass to steering force application
mo mass of vehicle

Iy  moment of inertia of vehicle

Br crab angle of kth vehicle

B, inertially-measured crab angle of kth vehicle
Ve Ok + O
Y& O + Br (inertial velocity heading, rigid-body model)

vil



Chapter 1

Introduction

Research in motion coordination of autonomous vehicles is directly applicable
to a number of defense and environmental scenarios, including surveillance [11} 21],
wind and temperature measurement for climate monitoring [35], and modeling of the
collective behavior of biological systems [30]. In many applications of coordinated
motion, each vehicle in the network is not controlled by a central computer, but
rather by a computer on each vehicle. Each agent communicates with its neighbors
to automatically control its relative position and orientation [8]. This decentralized
communication and control framework enables each group member to act indepen-
dently and makes the group robust to the failure of an individual agent [20)].

Ongoing research in the coordinated motion of autonomous vehicles has fo-
cused on the stabilization of planar formations of self-propelled particles. In prior
work, each particle controls the rate of change of the orientation of its velocity;
hence, the rotational dynamics are first-order differential equations [33]. The steer-
ing control is modeled as a force orthogonal to the particle’s velocity so that the
particle’s direction of travel is under control, but the speed is constant [24]. Forma-
tion control laws for this particle model have been developed for parallel and circular
formations in the absence of a flowfield [33] and in a uniform, time-invariant flow-

field [27]. All-to-all and limited communication frameworks have been considered



133, 134].

Expressing the controllers in terms of shape variables rather than group vari-
ables reduces sensing requirements and is possible when the global location of the
group is not related to the goal configuration [36]. For instance, the control laws
used to drive the particle models presented in [33] are referred to as shape control
laws because the variables that appear in the controllers may be expressed in terms
of relative positions and relative orientations between pairs of particles [15].

In the model of steering control introduced here, the steering control regulates
the angular acceleration of the velocity orientation. This level of control is particu-
larly relevant in the context of planar rigid-body motion, where a dynamic vehicle
model must account not only for motion of the agent’s center of mass, but also for
rotational motion about the center of mass. This second-order model is used to
derive a control law that stabilizes the velocity orientation of each particle relative
to the other particles in a formation. The control design follows the iterative process
of integrator backstepping, in which the existing states of the first-order model are
recursively used to stabilize steady motions of the second-order model [1I, 132].

Recent work in the control of multi-agent systems has incorporated the back-
stepping control design technique [14]. In [6] backstepping is used to design a con-
troller that will regulate the second-order translational dynamics in order to stabilize
a planar formation of three vehicles. The communication framework is modeled as
a directed graph, and the goal configuration is a triangular formation. The goal
of this thesis is different than [6] in that parallel and circular formations of self-

propelled particles are considered. These two motion primitives can be achieved by



Figure 1.1: Autonomous vehicles [7, 31, 23]

an unlimited number of vehicles, and they serve as the basis for more complicated
collective patterns [33].

The addition of second-order rotational dynamics is a step in the way of adapt-
ing the particle model to a network of physical platforms; however, the backstepping
control laws are implemented on platforms modeled as unicycles, so that they can
only move forward and turn. There are generally two control inputs in such models:
a speed controller and a steering controller. In general, sometimes the capabilities
of the platform are constrained further, as is the case when the turning rate of
the platform is saturated or the speed of the platform is constant. Examples of
constant-speed vehicle models that rely solely on steering control are described in
33} [15, 27, 134, [5], 24].

Implementing cooperative control laws based on particle dynamics enables
the location of the vehicle’s center of mass to be controlled. Additional control
inputs must be considered to ensure that not only the desired angular orientation is
achieved, but also that the forward and sideslip speeds converge to the desired values.
Although there are numerous dynamic models that focus on the development of

motion-planning algorithms for mobile robots, most consider only a single platform



rather than a group. One example is [10], in which the motion-planning output of
a kinematic model is used with a dynamic rigid-body model in order to develop a
trajectory for an autonomous vehicle. Another example is [9], in which a Lagrangian
formulation is used to derive the dynamic equations of a single mobile robot with
non-holonomic constraints. To regulate movement of the robot, a velocity controller
is used to generate torque control by way of integrator backstepping.

There is also a sizeable body of work that focuses on producing kinematic
motion models for each agent in a group, however, many such models typically
do not incorporate rigid-body dynamics. An example of a kinematic control for a
multi-agent system is [I8], in which integrator backstepping is used for formation
control of multiple non-holonomic agents.

A similar approach has been used in the present work, in which a vehicle model
based on [33] and [27] with second-order rotational dynamics is introduced. Using
the previously-mentioned backstepping controllers to generate yaw commands, a
collection of planar rigid bodies with second-order translational and rotational dy-
namics is considered. This rigid-body model rotates and translates with a variable
speed that results in thrust, steering, and drag forces. By extending existing steer-
ing control laws via backstepping and providing a new speed control, the planar
rigid-body model achieves comparable closed-loop performance to particle models,
even in the presence of a flowfield.

This work most closely resembles that of [3], in which motion planning for
multiple marine surface vehicles was studied. The authors implemented a yaw con-
troller and a line-of-sight guidance law. A coordinate transform was used to ease

4



the control design, because the yaw controller appeared in the transverse dynamics.
In regard to formation control, their primary focus was on formations similar to
the parallel formation considered in this thesis, although in addition to heading,
they also controlled the inter-vehicle separation distances. In the related paper [4],
motion planning for multiple surface vehicles was studied when ocean currents were
present. However, only non-curved desired trajectories were treated. In the present
work, it is shown that with the original vehicle dynamics in a parallel formation, the
crab angle converges to zero. Furthermore, in the present work the case of circular
formations in a flowfield are also treated; in this scenario, the transverse dynamics
do not converge to zero, but rather vary with the heading.

Another closely-related work is [13], which provides an example of decentral-
ized thrust and steering coordinated path-following of multiple underactuated rigid
bodies, with the goal being to achieve consensus. The vehicle model used in this
publication is very similar to the one introduced in the present work. However, the
control design is extremely sensitive to initial conditions, whereas the controllers
designed in the current work are robust to the choice of initial conditions.

The contribution of this thesis is to present steering and thrust control algo-
rithms for the stabilization of parallel and circular formations in a rigid-body model.
Using integrator backstepping, stabilizing steering controls are provided in the ab-
sence of a flowfield and then in the presence of a moderate-strength, time-invariant
flowfield. In the latter case, the flowfield is assumed to be known, uniform, and
steady. The backstepping control laws retain the shape-control characteristics of

their first-order counterparts, where the shape space includes the derivative of the



relative orientations. The results of the first-order model are preserved under the
second-order rotational dynamics, as long as each vehicle knows its own turning rate.
The solutions of the closed-loop system are illustrated with simulations. Using the
steering controllers developed via backstepping, decentralized thrust and steering
controllers are then provided for a collection of identical planar rigid bodies in a
uniform flowfield. These controllers enable the swarm to achieve parallel and circu-
lar formations. Feedback linearization is used to design the thrust controller, and
both backstepping and proportional-integral controls are used to design the steering
controller. Idealized hydrodynamic effects on the vehicle are modeled, summarized
as a drag term. The rigid-body dynamics are stabilized so that each platform moves
with constant speed (relative to the flow) in the desired formation.

The outline of this thesis is as follows. In the remainder of the current chapter,
the particle model, the parallel formation control law, and the circular formation
controller are introduced. In Chapter 2, a brief summary is provided of backstepping
control design while relating it to the particle model with and without a flowfield. In
Chapter 3, a backstepping controller is presented for the flow-free model. In Chapter
4, the backstepping design is repeated for motion coordination in a uniform, time-
invariant flowfield. Chapter 5 discusses considerations that should be made when
implementing the proposed controllers on an autonomous vehicle and compares the
backstepping controller to a proportional controller. Chapter 6 reviews an existing
second-order vehicle model and describes the rotational and translational dynamics
of a set of idealized planar rigid bodies. Chapter 7 derives the controllers used to

stabilize parallel and circular formations of the rigid body model when no flowfield is



Figure 1.2: First-order vehicle model: particles with similar movement capabilities
to nonholonomic carts.

present. Chapter 8 illustrates the stabilization of parallel and circular formations in

a known, uniform flowfield. Chapter 9 summarizes the thesis and ongoing research.

1.1 First-Order Rotational Dynamics and the Particle Model

To design a backstepping control for planar collective motion, we begin by
defining the particle model for particle motion in the absence of a flowfield [33]. Let

e be the position of the kth particle and 7j, = €% be its (unit) velocity. We have

T = 0k
(1.1)
ék = Uk,
where £ = 1,..., N and uy represents the steering control. We rewrite these equa-

tions in real coordinates so that the original states and control now represent the
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Figure 1.3: (a) A single particle in the plane. (b) A single particle in a flowfield.

first component of a higher-ordered system; that is,

T = COST3k
772,k = sin UENS (1'2)
mr = &k

Mk, Mok, and sy represent the state variables Re{ry}, Im{r;}, and 6y, re-
spectively. & = wuy is the state-feedback control, which is expressed in terms of the
shape variables ; — 0} and (rj, —r;)e’*. Shape variables are further discussed later
in this chapter and in Chapter [ The higher-ordered system with control aj, of the

rotational acceleration &, = 6, is

T = COST3k
Tok = SNz
(1.3)
M3k = &k
ék = Adag,



where a; is the control input that we design using backstepping. Similar to the
first-order case, this higher-level controller is expressed in terms of shape variables;
we introduce a new shape variable, §; — &, to represent the angular rate of vehicle
J with respect to k.

When an external flowfield is considered, the particle model becomes [27]

i o= €%+ fi (1.4)

ék = Ug-
The flowfield measured at the location of the kth particle is given by fi., where
fr € C. The model (1.4)) can be rewritten as [27]

7.”]C = SkGWk

(1.5)

The variables s, = |e?* + f| and v, = arg{e® + f,} represent the magnitude and
orientation of the particle’s inertial velocity, respectively, and wy, is the control. For
a uniform, time-invariant flow f; oriented along the real axis, f; = a, where o < 1.

In this case, s becomes [27]

S, = QCOSY + \/1 —a?sin? (1) > 0. (1.6)



With the addition of a flowfield fz, the model (|1.3)) becomeﬂ

My = cosnzp+ (fe, 1)
Mo = sinmsy + (fe, )

(1.7)
N3k = &k

S = a.

Similar to the expression we used for , we may express in terms of the
particle speed, s;. We use the variable 73 to represent the orientation of the kth
particle’s inertial velocity. The control of the higher-ordered system is represented
by Ak, rather than by the variable a; of the flow-free model . Thus, the entire

higher-ordered system with uniform, time-invariant flow becomes

7.-1,k = SpCOST3k
Tor = SEpSINT3p
(1.8)
T3 = S
Y = A,

where ), is the control of the rotational acceleration €, = V-

1.2 Rigid Motions in SE(2)

The state of each vehicle at any time ¢ can be expressed in terms of the vehicle’s

position, attitude, translational velocity, and angular velocity. The rotation of the

'We use the inner product (z,y) = Re{Zy}, where z,y € C. 7 is the complex conjugate of z.
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Figure 1.4: Block diagram for the first-order particle model.

kth vehicle in the plane about the z-axis is given by the matrix

cost), —sindy

sinf;, cosf
a member of the rotation group SO(2). If we denote G(2) as the group of all 2 x 2
matrices, then SO(2) = {R € G(2) | det(R) = 1, RTR = I}. The translation of
a vehicle in the plane is given by the vector p € R?, where p = [z, y]T. Thus, we
can describe the motion (rotational and translational) of a vehicle in the plane as
SE(2) = R? x SO(2), where “x” denotes that we are taking the internal direct
product of R? and SO(2) [25, 12].

In engineering applications that utilize a decentralized multi-agent network,
sensing the absolute positions and orientations may be both costly and/or compu-
tationally burdensome. Thus, it is natural to seek motion coordination algorithms
that use relative positions, orientations, and velocities as opposed to absolute vari-
ables [19]. In the inertial reference frame, the position and velocity orientation of
each particle can be represented by the Euclidean group SE(2). If we denote this

group as Gy, for the kth vehicle, then the configuration space may be designated as
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Meongig = G1 X Go x +-- x Gy for k = 1,...,N [15]. Thus, My, contains 3%
elements.

When relative positions and orientations are considered, the configuration
space undergoes a reduction in the number of elements it contains; the shape space
is thus expressed as Meonfis/G and contains 3N — 3 degrees of freedom [I5, [33].
The first-order controllers ¢, 5, i = 1,2 are each expressed in terms of shape vari-
ables, with the controller for parallel motion being expressed in terms of relative
orientations 73 ; — 13, and the controller for circular motion expressed in terms
of relative positions (ry — r;)e"*. Thus, under these controllers, we control the
shape dynamics rather than the absolute dynamics of the system. The closed-loop
dynamics of these first-order systems are invariant under the action of the symmetry
group SE(2) [33]. In other words, if the entire network were displaced or rotated,

the closed-loop behavior of the particle model would not be affected.

1.3 Review of Parallel and Circular Formations

Parallel and circular formations have been determined by [I5] as the only
two relative equilibria of the configuration space. Parallel formations have the key

control parameter py defined as [33]

1 N
=% > et (1.10)

k=1

where py represents the average linear momentum of the particles (assuming they

have unit mass). Collective motion in a parallel formation is achieved by minimizing

12



the average linear momentum of the particle system via the phase potential [33]

V(0) = 3(1 - Ipel*), (1.11)

where 0 = [0, ...,0x]T.
For the first-order system, the controller for parallel formations 6, = or(0) is
133]
or(0) = —K(pg, i), K < 0. (1.12)
The solutions 6, converge to the largest invariant set for which V = 0, given
by [33]
A = {{pg,ie?’) =0V k}. (1.13)
The condition that (pg,ie’*) = 0 implies that §; = 6 for all particle pairs j and k
[33]. The condition that ¢x(@) = 0 in A implies that 6 is constant for all k. Thus,
A contains the set of parallel formations. All other formations in A are unstable
[33].

Collective circular motion is achieved by minimizing the spacing potential [33]

V(r,0) = i{c,Pc), (1.14)

where v = [ry,...,7y]7. The N x 1 matrix ¢ contains the centers ¢, k = 1,..., N, of

13



the circular paths followed by each particle, where [33]

Cr = Tp + dwy et (1.15)

P=1Iyyn— %11T is an N x N matrix that projects onto the space orthogonal to
1=1[1,...,1]7 € RN and P, represents the kth row of P. For the first-order system,

the controller for circular formations is [33]

dp(r,0) = wo(l+ K(Pic,e)), K > 0. (1.16)

The solutions 6, converge to the largest invariant set A for which V = 0, given

by [33]
A = {(Pwc,e®) =0V k}. (1.17)
(Pc, e ) = 0 implies that P,c = 0, which is only true when all circular centers
are the same; that is, Pyc = 0 if and only if ¢ is in the span of 1. Thus we have
O = &x(0) = wo. All N particles travel around the same circle of radius 1/|w| [27].

When a uniform, time-invariant flowfield is present, the first-order controller

for parallel motion is given by [27]

or(y) = —K(p,,ie"™), K < 0, (1.18)

where, similarly to the flow-free case, p, = % >y €7 represents the average linear

momentum of the group. Likewise, the first-order controller for circular formations

14
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Figure 1.5: Block diagram for the first-order particle model in terms of shape vari-
ables.

in a flowfield is given by [27]

o1 (r,) = wo(sk + K(Pyc, ™)), K > 0. (1.19)

For more details on these first-order controllers, the reader is directed to [27,

33, [15).
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Chapter 2
Backstepping Control Design

2.1 Overview

Researchers began to utilize backstepping as a design tool in the late 1980s
and early 1990s. Backstepping is a design technique developed for the stabilization
of strict-feedback, nonlinear systems (that is, they have a lower-triangular structure)
[T7]. In a strict-feedback system of M states, the mth state, where m = 1,2,..., M, is
a function of the 1, ..., m states, and contains none of the m—+1, ..., M state variables.
The state for which m = M contains the control input, w [I6]. This idea is more

formally realized by the following example of a strict-feedback system [16]

= fo(n) + ho(m)m
mo= fi(n,m) 4+ hi(n,m)ne

Ny = fa(m,m,m2) + ha(n, m1,m2)n03

(2.1)

-1 = fu—1(Mms oo Mva—1) + har—1 (0, M -y Mva—1)

v = famym, o) + har(m, 1, - ).

16



To illustrate the backstepping procedure, we begin by examining the simplest in-

stance of (2.1)), for which M = 1. Tt is given by [16]

n o= fo(n)+ ho(n)§

E =

(2.2)

where & = 1y, u =12, fi(n,m) = 0, and hy(n,7;) = 1. In this system of M equations,
the first equation denotes the original system of interest. We assume that there is a
Lyapunov function V' by which we prove that the control ¢ stabilizes the n dynamics
and we assume that fo — 0 as time goes to infinity [16]. Although this subsystem is
stable, it is part of the larger system , whose origin is stabilized by the control
u. We assume that this control is unknown, and we use backstepping to find it.
Since we know that £ stabilizes the subsystem formed by the first equation
of , it becomes the desired controller in the higher-ordered system, which we
rename ¢. The first step of the backstepping procedure is to rearrange the system
so that it contains an error variable z = £ — ¢, which is the difference between
the actual controller (§) and the desired controller (¢). To express in terms of

z, we add and subtract ho(n)¢ from (2.2)) and rearrange to obtain [16]

n = fo(n)+ho(n)¢+ ho(n)z

z = f—qﬁ:u—é.

(2.3)
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If we define a new variable v = u — ¢, then |j can be re-written as [16]

n = fo(m) +ho(n)o+ ho(n)z
(2.4)

z = v
Now (2.4) represents ([2.2) expressed in terms of the error z and control v. To
determine what v is, we use what is called a composite Lyapunov function, shown
below as [10]

1
mzv+§£. (2.5)

This Lyapunov function is “composite” because it is the sum of two positive semi-

definite terms. The first, V', is the Lyapunov function used for (2.2) to show that

1

222, by which we incorporate the

¢ stabilizes the n dynamics. The second term is
newly formed error variable into the Lyapunov analysis. Taking the time-derivative

of (2.5)) gives

V.=V + 25 (2.6)

Substituting 1, = ¢ + z (for any instances of 7; that may appear in V) and v for z
yields

V.=V + 2. (2.7)

Now the control v can be chosen to achieve negative semi-definiteness in (2.7)). The

backstepping procedure culminates with using v to find controller u by u = v + qb

[16].
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2.2 Backstepping and the Particle Model

Now we relate this overview of backstepping to the particle model ([1.3)). Notice
that if we re-write (1.3)) as [10]

e = fOm) + h(m)ék
(2.8)

fk = Qag,

where n, = [k, Mok, ng,k}T, &, represents the control input ék, a 18 the unknown

second-order steering controller,

COS 13k 0
f(77k) = Sin’)?g,k ) and h(nk) = 10>
0 1

then our system resembles ([2.2)). Let ¢y (n) be the desired control of the 7 dynamics,
where n = [, ...,nn]|T. Using the transformation z, = &, — ¢r(n), (2.8) may be

rewritten as [10]

e = )+ h(m)be(n) + h(ne) 20
(2.9)

Zk = U,
where v, = ay — ¢ is the backstepping control. In the higher-ordered model ,
the variable z; represents the difference between the actual controller and the desired
controller of the lower-ordered system [32]. Model can be expressed similarly.

The expression for a; is found through the standard backstepping procedure
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to achieve & = ¢y. We derive a; via the composite Lyapunov function [10]
|
_ : 2
Vo=V + 5 ,;1 2o (2.10)

where V' is the smooth potential [16] that must be minimized in order to achieve
collective parallel or circular motion in the first-order system. The term z; = &, — ¢

is the error between the desired and actual first-order rotational dynamics. Taking

the derivative of (2.10]) along solutions of (|1.3)) gives

N

: ov

Ve = [ M3,k + Zkz.k:| , (2.11)
1 O3k

where 13, = ¢ + 2 and 2, = v}, is a controller that we design to achieve VC < 0.

The backstepping controller ay is found by the transformation

ap = Vi + qbk (2.12)

Backstepping is particularly useful for the particle model because control
of parallel and circular formations has already been demonstrated using the appro-
priate inputs [33, 27]. Since the goal of the present work is to extend the parallel
and circular formation control laws to a rigid body setting, backstepping enables us
to achieve stabilization of higher-ordered dynamics (i.e., the regulation of angular
acceleration rather than angular velocity), and thus gives us second-order controllers
for parallel and circular formations. In the next chapter, we explore the process of

transforming the first-order control laws for parallel and circular formations into

20



their second-order counterparts via backstepping.
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Chapter 3

Control of Second-Order Rotational Dynamics via Backstepping

We now describe a backstepping control design for the flow-free particle model
in order to achieve asymptotic convergence to either a synchronized (parallel) for-
mation or a circular formation. Phase synchronization is attained when the average
linear momentum of the collective motion is maximized, that is, when 73, = ns ; for
all pairs j and k [33]. On the other hand, if each particle in model is driven
in a circular trajectory of radius 1/|wy| by setting 73 = wp, group circular motion

occurs when the centers of each particle’s trajectory coincide [33].

3.1 Parallel Formation Control

Consider the model (|1.3)) with 73, = ¢1.(n). Assuming unit-mass particles,

the average linear momentum is

A gradient control law for phase stabilization is [33]

dre(n) = —K(pg,ie"*), K <0. (3.1)
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Figure 3.1: Block diagram for the second-order vehicle model.

The closed-loop behavior of the  dynamics with control ¢, ;(n) is established using

the Lyapunov function [33]

Vit) = 5ol 3.2

Taking the time derivative of V;(n), we obtain

Vio= S 2y =L 500 (pg, i€ . (3.3)

o3,k

Substituting ¢, x(n) into (3.3) yields

Vi = =5 il (po, ie™+)” 2 0.
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According to [33, Theorem 1] the potential V;(n) = 3||ps|* reaches its unique
minimum when py = 0 (balancing) and its unique maximum when all phases are
identical (synchronization). All other critical points of V] are isolated in the reduced
space of relative phases (shape space) and are saddle points of V;. We are interested
in stabilizing the set of synchronized critical points in the model , which are
attained for the closed-loop n dynamics when K < 0.

Now we design a backstepping control for the higher-ordered system (1.3]). We

use the composite Lyapunov function

Vie(n,z) = =Vi(n) + 1 30, 22, (3.4)

where 2z, = & — ¢1.1(n), and ¢y ,(n) is given by (3.1). The time derivative of V; . is

VLC = Z;ﬁvﬂ {‘%(pmi@mg”“ﬁ?&k + Zlcék} . (3.5)

Substituting 2; = vy, and 13 = ¢1£(n) + 2% into (3.5)) yields

Vie = S —2(pe, e 5) (¢ 4(n) + 21) + 2w

= S~ {pg,ie™ k) (— K (pg,ie) + z1) + 2.

Choosing

1 )
Vp = N(pg,z'e”’&’ﬁ — Kz, K>0

24



gives
Vie= 25:1 [ (po, ie+)? — k22] <O0.
The control a; = v}, + él,k that asymptotically stabilizes parallel formations in the

model (1.3]) is

ar = =~ {pp,ie™r) — k(& + K (pg, 1))

_% Zjvzl [<€in3’j7 ein3’k>(£j - €k>] ) K < 07

(3.7)

where gz'ﬁl,k is obtained by taking the derivative of ||

Theorem 1. Consider the particle model with the backstepping control .
Under this control, the set of formations for which 13 = ns; for all pairs j and k

15 asymptotically stable.

Proof. Vi, is a smooth potential. By the invariance principle, we know that the
solutions of ([1.3)) with the control (3.7]) converge to the largest invariant set A for

which VLC = 0, given by

A = {{pg,ie"™*) =0,2, =0 V k}. (3.8)

The condition that (pg,ie”*) = 0 implies A contains parallel, balanced, and unbal-
anced motions; only parallel are stable for K < 0 [33]. 2z, = 0 implies & = ¢1 x(n);
however, from (3.1)) we know that ¢ () = 0 in A. This implies that 13 j is constant

for all k. n

This result is illustrated in Fig. [3.2a] using N = 16, K = —1, and x = 5.
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Figure 3.2: (a) Synchronized motion of self-propelled vehicles with second-order
rotational dynamics. The dotted-line trajectories indicate that a parallel formation
has been attained. (b) Turning rate of each vehicle, stabilized to zero using the
backstepping-based controller. The vehicles have been randomly initialized.

3.2 Circular Formation Control

For the stabilization of circular formations, we again consider the model (|1.3])

with 73 = ¢ax(n), where

Dox(n) = wo(1 + K(Pyc,e™+)), K > 0. (3.9)

Equation represents a decentralized control law for the  dynamics that asymp-
totically stabilizes the set of circular formations [33]. The N x 1 matrix ¢ contains
the centers ¢, k =1, ..., N, of the circular paths followed by each of the particles k,
where

Ccr = T + dwy el (3.10)
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P=1Iyyn— %11T is an N x N matrix that projects onto the space orthogonal to
1=1[1,..,1]7 € RN and P, represents the kth row of P.

As in the case of synchronized motion, we begin our derivation of the circular
formation control law by briefly reviewing the methods used by [33] to analyze the

1 dynamics. Consider the Lyapunov function [33]

1
Va(u) = 5le. Pe) (3.11)
whose derivative is
_ N N
‘/2 — Z(Ck, PkC> = Z(el%’k, PkC>(1 — wo_lﬁg,k).
k=1 k=1

If ¢9x(n) is chosen to be the control (3.9), then the derivative of the Lyapunov

function becomes [33]

Vo= —K 1 (Prc,e:)? < 0.

By [33, Theorem 2] we know that the control ¢, x(n) forces all solutions of the

n dynamics to converge to the largest invariant set A, where [33]

(Prc, k) =0 Y k. (3.12)

In A, 13 = wp and ¢; = 0. The condition in (3.12)) is met only when Pc = 0, which

implies ¢; = ¢; for all pairs j and k.
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We use the Lyapunov function (3.11)) to form the composite Lyapunov function
% 1< Pc) + ! Y 2 (3.13)
c==(c,Pcy+ =) z. :
272 2 L7k

Taking the time-derivative along the solutions of ([1.3]), we obtain

Vae = Sopy{em™*, Pre)(1 — wy isg) + 2rik.
Using 2, = v and 73 = ¢ox(n) + 2k, VQ’C becomes

Voo = Sopi(em, Pre)(l —wy(dor(n) + 21) + 2kt

= zgﬂ — K (Pyc, e™5)? — wil(Pye, €M) 2y, + 241,

Choosing

v = —kK2 +wy  (Prc, ™)

yields

VQ,C = Zszl —K(Pyc,er)2 — g2 < (.

If we use the transformation ap = v + Q'bgyk and define the quantity r, = r, —

N . ) )
L 5™V r. then the second-order controller for circular motion can be written as
N j=1"7

ar = =K — G2.1(n)) + wo K& (P, i)
+K (Wo _ % Zj\; |:<€i773,j76i773,k>(w0 — (& — fk))} > (3.14)
ot (G, em4) — wigh L G, e )).
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Figure 3.3: (a) Stabilization of a circular formation of self-propelled vehicles with
second-order rotational dynamics. (b) The steady-state turning rate of each vehicle
is wg = 1. The vehicles have been randomly initialized.

Theorem 2. Consider the particle model with the backstepping control .
All solutions converge to the set of circular formations with radius 1/|wg| and the

direction of rotation determined by the sign of wy.

Proof. By the invariance principle, we know that the solutions of ([1.3)) with the

control 1) converge to the largest invariant set A for which Vz,c = 0, given by

A = {(Pic,e™*) =0,2,=0 V k}. (3.15)

(Pyc, ™) = ( implies that Pyc = 0, which is only true when all circular centers
are the same; that is, Pyc = 0 if and only if ¢ is in the span of 1. Using (3.9) along

with the fact that (Pyc,e™#) = 2z, = 0, we have 73 = ¢a(n) = wp. Thus, all N
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particles travel around the same circle of radius 1/|wp]. O

This result is illustrated in Fig. [3.3al where N = 16, K = 1, k = 5, and

w():l.
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Chapter 4
Control of Second-Order Rotational Dynamics in a Uniform

Flowfield

We now design a backstepping control considering a uniform, time-invariant
flowfield. In a flowfield, phase synchronization is attained when the inertial phase
angles satisfy 73 = 73, for all pairs j and k. Group circular motion occurs under
the control 73 = wpsk, when the centers of all particle trajectories coincide [27].
We require that each vehicle know the local flowfield.

4.1 Parallel Formation Control

The model for a particle traveling in a uniform, time-invariant flowfield is
given by (1.8)), where 73, = ¢3(7). We show that the set of parallel formations is

stabilized by the control [27]

b3 (1) = —K(py, ie'™k), (4.1)

where K < 0. This is proven using the Lyapunov function

Vir) = glel (4.2
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which we seek to maximize in order to achieve phase synchronization. Similarly to

pe in the flow-free case, p, is defined as the average inertial linear momentum, i.e.,

_ 1 N i35
by = NZj:le 7.

The time-derivative of the Lyapunov function (4.2)) is

Vs = Efcvzl %7;37’6 - % chv:1<p'ya i€k ) 3 (7).

With ¢35 (7) given by (4.1), the derivative of the Lyapunov function becomes

Vi = Yl (b, ie™5)? > 0.

From [27, Theorem 1] we know that all solutions converge to the critical set of V.
With K < 0, the set of synchronized motions are asymptotically stable and every
other equilibrium is unstable.

We use this result to derive the phase stabilization control law for the higher-

ordered system. The composite Lyapunov function is

Vae(r,2) = —Va(m)+ L3N, 22,

where 2z, = Qp — ¢3(7). The time derivative of the composite Lyapunov function

yields
1

N
Vé,c = Z {—N(pn,, Z.ei‘rg’k>’7.'37k + Zkik
k=1
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Using 2, = vy and 73 = ¢3(2) + 2x, the derivative becomes

Vie = Sy [— 2y, i) (5,4(T) + 21) + 2512]

= N [y, i) (— K (py, i) + 2) + 2]

Choosing

v = —(py,1€™*) — Kz, k>0

=

gives

. N TK
Vo= 3[R ien -] <o

Using the transformation \, = vy + q'bk, the control may be written as

>\k = %(p% ieiTS’k> - K<Qk + K<p,y, ieiT3’k>>

_% ZN [<€iT3’j7€iT3’k>(Qj - Qk)] ) K < 0.

Jj=1

Theorem 3. Consider the particle model @ with the backstepping control
and flow fr, = a < 1. For K <0 the set of formations where 133, = 73 ; for all pairs

7 and k is asymptotically stable.

The proof for parallel motion in the presence of a time-invariant flowfield
follows the proof given for Theorem 1, with 73 replaced by 73 and & replaced by

Q. This result is illustrated in Fig. [{.1a] using N = 16, K = —1, k = 5.
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Figure 4.1: (a) Stabilization of a parallel formation in a uniform, time-invariant
flowfield @ = 0.5. (b) Turning rate of each vehicle, stabilized to zero using the
backstepping-based controller. Randomly-generated initial conditions.

4.2 Circular Formation Control

For collective motion control of circular formations in a time-invariant flowfield,

we consider the model (1.8)) with 75 = ¢4 4(7), where

b1 (T) = wolsk + K (Pyc, e™k)) (4.4)

and K > 0. Similarly to the flow-free case, the center of each particle’s trajectory
is given by ¢ = 75, + iwy "e™*, and the radius of the circular trajectory is given by
1/]wol| [27]. We reiterate the stability analysis of [27] to show that the spacing control
¢4.£(7) asymptotically stabilizes the set of circular formations. This is proven using

the Lyapunov function

Vi(r) = %(c, Pe), (4.5)
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which has the time derivative

V4 = chV:1<ék>Pkc>

= Yool (Pec, €Y (sp — wyda(T)).

Substituting ¢4 (7) from (4.4)) gives

Vi = =3 K{(Pic,e™#)?2 < 0.

As stated in [27, Theorem 3], the control (4.4]) forces the convergence of all solutions

of the 7 dynamics in (|1.8) to the largest invariant set A of Vj, in which

(Prc, ™) = 0. (4.6)

In A, 735, = wosk and ¢, = 0. Therefore, the condition (4.6 is met only when
Pc = 0, which implies that ¢;, = ¢; for all pairs j and k.

Using (4.5) we form the composite Lyapunov function

‘/Al,c(Ta Z) = V;l(T> + % Z]kzvzl Zk2

whose derivative along solutions of (1.8)) is

)

“/4 c = Z]kvzl <PkC, 62'7-3*’“>(S]g — wng'M) + zkzk

Making the substitutions 2, = v, and 735 = ¢ux(7) + 2, we rewrite the time
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derivative as

Vie = Sai(Bic, ™) (s — wy (dan(T) + 21) + 21 (47

= N K Pyc, e™k)2 — i (Poc, €735 2 + 21
k=1 0

Choosing the control v, to be

Ve = —kzp + wy H{Pre, 73k,
yields
N
Vie = Z —K(Pyc,e™k)? — k22 < 0.
k=1

The control may be transformed into Ay using the transformation \, = v + gz'54,k.

Thus,

)\k = —K(Qk — ¢4,k(7_)) + WQKQk<fk, i6i73*k> -+ woék
+K (wgsk - % Zj-vzl [(e'™i, ek ) (wos; — (4 — U)) ] ) (4.8)

ot (s €)= wgt i L fiet ™, e )

where ¢4 5 (7) is given by (4.4) and

QU COS T3 ),

1 — a2sin’ 73

1+ Q. (4.9)

S = —asinTyy

Theorem 4. Consider the particle model (@ with the backstepping control (@
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Figure 4.2: (a) Stabilization of a circular formation in a uniform, time-invariant
flowfield a = 0.5. (b) The steady-state turning rate of each vehicle is wg = 1 (shown
for only one vehicle). Randomly-generated initial conditions.

and flow fr, = a < 1. All solutions converge to the set of circular formations of

radius 1/|wo| and direction of rotation determined by the sign of wy.

Proof. By the invariance principle, we know that the solutions of ([.8]) with the

control 1} converge to the largest invariant set A for which V4,C = 0, given by

A = {{Pic,e™+) =0,2, =0V k} (4.10)

The first condition implies that Pyc = 0, which is only true when all circular centers
are the same. The second condition implies that € = ¢4x(7); thus, we have

Qk = ¢4,k(7—) = WoSk- ]

This result is illustrated in Fig. |4.2al with N =16, K =1, k =5, wy = 1.
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Chapter 5

Considerations for Implementing the Backstepping Control

When using the control framework outlined in Chapters [3] and [4] for a collec-
tion of autonomous vehicles, several considerations should be taken into account
in order to ensure that the controllers developed are compatible with the sensing,
communication, and control hardware onboard each vehicle. In this chapter, several

of these considerations are examined and addressed.

5.1 Computing the Steering Control for Vehicles in a Flowfield

Although deriving the control A\, using is useful in the backstepping
design, implementing control model onboard an aircraft or submarine requires
an additional calculation. Model considers the inertial angular velocity of the
vehicle, while the yaw-control commands a; for an aircraft are, in practice, given
in terms of the angular velocity in the aircraft’s body frame. Therefore, in order
to derive a; from A, the following transformation is used. We begin with the
transformation of the first-order control wy in to ug in model [27]

T d-sy ek fi)

38



Note that f;, = 0fr/0r; and we have assumed a time-invariant flowfield. We extend

these results to the second-order rotational dynamics by taking the time-derivative

of ((5.1) to obtain

i( wk_<f1;vi> ) _ (1_5;1(ei’ykvfk))(wk_(f]lcvi» B ((wk_<f1;ai>)5};2(ei’yk7fk>ék
dt \ 1—s; " (k. f1,) (1=s;, (e, fr))? (1—s;, (e, fx))? (5.2)
_ (we—(ff1)) s " ((iek 7fk>'yk+<€i’yk’fk>)>

(1—s, ek, fr))?

where $; is defined in 1) fo = fire, and f,; = %(g—f’;). Using Ay = wy, this

transformation simplifies to

Me—(fosd) ( (wi—(f18) [, > (€Mk [y sk —sy (i€ Mk, fio) Yk —sy ' (€7k, fi)] ) . (5.3)

W = T e, fi) (1=, (€% fi))2

When we consider f; = «, then ([5.3)) becomes

ar — A _ WROCOSVESE wiorsin vy, (54)
k 1752101 COS Yk (sp—orcosy)? sk(lfsgloc cosyg)2’

Egs. (5.3) and (5.4) provide a control for model (1.7) as a function of A, thus

enabling us to implement the backstepping algorithm in practice.

5.2 Sensing and Communication Requirements

In this section, we focus on the sensing requirements for each vehicle under
the backstepping controllers derived previously. As shown in Chapters [3] and [4]

the backstepping procedure nearly preserves the results of the first-order stability
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Figure 5.1: Block diagram for the second-order vehicle model in terms of shape
variables.

analysis, with one difference being that the angular acceleration is regulated. When
the angular acceleration is added to the state model, M,y contains 4N elements,
and the shape space has 4N — 4 degrees of freedom.

Similar to their first-order counterparts, each backstepping-based control of
the flow-free model has the desirable properties of a shape control. However, in
order to implement and , additional sensing requirements must be met.
Note that the angular rate &, appears alone, which introduces an additional sensing
requirement for each vehicle: the yaw rate. Another sensing requirement is intro-
duced when a flowfield is considered; each vehicle must know the components of the

local flowfield along and across its direction of motion.

5.3 Comparison to Proportional Control

Since proportional control is widely used in engineering applications and sim-
ple to understand [2], we compare backstepping to a proportional control law. We
analyze the performance of the proportional controller (5.5) in comparison to the

backstepping controller for the case of parallel formations in the absence of a flow-
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field. The results of the analysis for circular formations follows similarly. Consider

the model (|1.3)), with the proportional controller

ap = —Kka, (55)

where 2z = & — ¢r(n). We show that |z;| has a bound that can be reduced by
increasing the proportional gain K,. Analysis of saturation effects for the second-
order model is the subject of ongoing work; analysis of saturation of the first-order

model is available in [29].

Theorem 5. Consider the Lyapunov function , for which Vi .(n,0) = 0 when

Nsk =13, and Vi .(n,z) >0 for all n and z. Under the controller ,

Vie < 0 forall |z| > é ( |K|Z|g] gk) (5.6)

Proof. We substitute the proportional controller (5.5)) into the equation vy, = a; —

(bl,k to obtain

v = —Kpmeb 3 L (e, €M) (€ — &). (5.7)

Substituting this result into the derivative of the composite Lyapunov function, VLC,

given in (3.6)), yields

S (S tpo e+
| (o ey + 2 50 (e, em) (g — &) | 2 — K22 ).

(5.8)
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Note that is quadratic in 2, the difference between the desired and actual
angular rates. In order to determine the values of z; for which VLC is negative semi-
definite, we begin by determining bounds for each of the coefficients in the quadratic
expression given by . The first term %@97 ie"+)? is never positive and may be
ignored. In order to capture the worst-case error, we establish an upper bound on

2 using the remaining terms as follows. We have

Vie € S ([=Hlmmiems) + 5 TN (e, ema) (g - &)| 2 — Ky22)

N N
< S ([F+ WS 1 - 6] - Kolad) T2l
(5.9)
which yields the result (5.6)). ]

Although under the chosen Lyapunov function the controller guarantees
the error to be bounded according to , complete elimination of steady-state
error with this controller cannot be established using (3.4). (Note that in simula-
tion, zero steady-state error has been attained using the proportional controller and
moderate gains, although analytically there is no guarantee of error elimination.)
The difference in performance when using the backstepping-based controller is that
it guarantees asymptotic convergence of the error dynamics to zero. Analysis of the
efficacy of the proportional controller using a different Lyapunov function is given

in [26].
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Chapter 6

Extension to Planar Rigid-Body Dynamics
Recall that an existing idealized vehicle model for planar collective motion

with second-order rotational dynamics is

7'“]C = ew’“
W = ag,

where a;, represents the second-order steering control of vehicle k =1, ..., N. Instead
of the symbol &, we now use wy to denote the angular velocity of the kth vehicle.
In this model each vehicle moves at unit speed in the direction 6. Model
represents an extension of a self-propelled particle model with first-order rotational
dynamics [22]. In the first-order case, phase and spacing potentials were used to
derive control laws for parallel and circular formations in the absence of an external
flowfield [33], and in the presence of a spatiotemporal flowfield [29]. Since first-order
rotational dynamics may not adequately describe rigid-body motion, these first-
order particle models were used as the first component of a second-order system for
which we designed controllers using integrator backstepping.

The expression for a; is found through the standard backstepping procedure

to achieve wy, = ¢k, where ¢ is the steering controller used to generate parallel

43



and circular formations in the first-order system. We derive a; via the composite

Lyapunov function [16]

V.=V +isy 22 (6.2)

where V' is the smooth potential that must be minimized in order to achieve collective
parallel or circular motion in the first-order system. The term z; = wp — ¢ is the

error between the desired and actual first-order rotational dynamics. Taking the

derivative of (6.2]) along solutions of (6.1)) gives
Ve YLy | G50s + 2] (6.3)

where «9k = ¢ + 2, and Z;, = v, is a controller that we design to achieve VC < 0.

The backstepping controller ay, is found by the transformation [16]

ap = Vi + qbk (64)

When a uniform, time-invariant flowfield is present, the second-order model (6.1])

can be written as [22]

i o= €%+ fi
wk = Q,

where f; € C is the flowfield. This model can also be expressed more succinctly

using the magnitude s; = |e + fi| and orientation v, = arg{e®® + f;} of the
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inertial velocity [27]:

f’k = skem
e = wy (6.6)
W = Ap.

While models and are useful for understanding the movement of
particles in the plane, they may not be sufficient for describing rigid-body dynamics.
The inclusion of second-order rotational dynamics is only a part of the transforma-
tion process from particle model to rigid-body model. In order to complete the
transformation, in the next section we consider second-order translational dynamics
as well.

Our goal is to develop a set of differential equations for the dynamic behavior
of a collection of autonomous vehicles. We assume that each vehicle can translate in
any combination of forward and transverse dynamics, and that rotational dynamics
are governed by steering controllers. To relate the particle kinematics, in which
the heading was expressed as an exponential, to a more standard kinematic model
expressed in terms of unit vectors, recall that in model each particle moves
with unit forward speed and its direction of travel is determined by 6. Here we
use 0, to describe the orientation of a planar rigid body. With this description,
% = 7, defines the body-fixed reference frame Bj, = (k, Tk, Yk, Zr), where Zj is out
of the plane and g, = Zp X Zg.

Let u; € R represent the forward speed of the kth vehicle in By and v, € R

the transverse speed. In this case, the kth velocity expressed as components in By,
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(@]

(a)

Figure 6.1: (a) Rigid-body model (b) Reference frames, no flow (c) Reference
frames in flowfield f

is
TR = UL + VY- (67)

The time-derivative of with respect to inertial frame Z yields the rigid-

body translational kinematics:

TR = (uk — Ukék)[fk + (uka + Uk)gk (68)

We assume there are two control forces acting on the kth vehicle, as shown
in Fig. [6.1bl The first is the thrust force Ty, which acts along the Zj-axis. The
steering control is F}, which acts along the g,-axis a distance of [ behind the center
of mass. We also include a drag force D, = %pszSCD £ hs?. (pis the density of the
medium through which the vehicle is traveling; S is the vehicle reference area; and
C'p is the appropriate drag coefficient.) The vehicle speed is s, = m > 0.

We define a path frame for the kth vehicle as Cr, = (k, Ty, Uk, Zx), where 7 =
siTy and Z, = Z. We denote the orientation of Cy relative to By as ;. We assume

the drag force acts in the —Z;, direction [2§]. Using Newton’s second law with mass
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my = mg we have

(Ty — Dy, cos Bi,) T + (Fy — Dy, sin )71, = mo (i, — v0y) Tk +mo(ugby, + 0p) G- (6.9)

Collecting the z; terms, we have

Tk — Dk COS Bk’ = mo(ﬂk — vkﬁk) (61())

We are able to obtain a dynamic expression for the forward speed wuy by solving

(6.10) for y:

’iLk = _mLODk COS ﬁk + mLOTk + Ukék. (611)

Following the same procedure for the terms in the y,-direction, we have

In order to design the rotational dynamics, let M be the sum of the moments
acting on the kth vehicle. Assuming there is no moment due to drag (i.e, the drag

acts through the vehicle’s center of mass), we have

My, = (—lzg) X (Fryk)- (6.13)
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Figure 6.2: Block diagram for the rigid-body model.

The rotational dynamics are

b = —IF;,

(6.14)

where I, = I is the moment of inertia about the kth vehicle’s center of mass. The

equations of motion are

e =
up =
U =

Wi =

UpTy + VkYr = SkTk

1 1
—m—ODk COS Bk’ + m_oTk + VpWi

(6.15)

1 : 1
p Dy sin 5y, + p— Fr. — upwy

l
_EFka

where wy, = ék, Dy, = hs?, and 3, = arctan (vk/uk) T and Fj, are the control forces.

In the following chapter we design T} and F}, to be state-feedback controllers.
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Chapter 7
Control of Planar Rigid-Body Dynamics

7.1 Parallel Formation Control

In this section we design a decentralized feedback control to drive a collection
of planar rigid bodies described by (/6.15]) in the same direction at the same speed
(i.e., in a parallel formation). In order to ensure that the steady-state forward speed

of each vehicle is u, = ug, we use feedback linearization [16]. Choosing

T, = mo (mioDk cos [, — vpwy, + Ky (ug — uk)) , (7.1)

where Ky > 0, yields the following closed-loop dynamics

?lk; = Kf(uo — uk) (72)

The dynamics (7.2)) ensure uy exponentially converges to uy.
Motivated by the backstepping procedure described in Chapters [3] and [ we

choose

Fk = —Iiak, (73)

with ay given by (3.7)).

Theorem 6. Consider the rigid body model with thrust control and
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Figure 7.1: (a) Rigid-body parallel motion in the plane. (b) Velocity component of
parallel motion. Randomly-generated initial conditions.

steering control , where ay, 18 given by . Under these controllers, the set of
parallel formations, where B, = 0 and uy, = uo for all k, and 0, = 0; for all pairs j

and k, is asymptotically stable.

Proof. In order to analyze the closed-loop system, we propose the following candi-

date Lyapunov function

Upar(W,v,0,2) = V. +3 SOV (o — ug)? + 07, (7.4)

where u = [uy, ..., un|T, v = [v1,...,on]T, 2 = [21, ..., 25]T, and where V, is given by

(3.4) with phase potential (3.2)). Taking the time-derivative of U, along solutions

of (6.15)) gives

UP‘““ = Ve+ Z]kvz1[—(uo — ug) Uk + VRO (7.5)
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Observe that V, < 0 under the steering control (3.7) and a; = ar(0) is independent

of the states u;, and vy. Using (6.15]) we obtain

Upr = Sopy [ g, i) — k2.2 — Kp(ug — uy,)?]

N 1 : 1
+ D ket [—m—kUka sin By, + -vrFy — Ukukwk] -

Recall that the drag is Dy, = hsi > 0, where h = %pSCD. Furthermore, sin g, =
vi/Sk, and s > 0. Consequently, —vy Dy sin 3, = —hsivi < 0.

According to the invariance principle, solutions converge to the largest invari-
ant set A in which V, = 0, where A is given by . In A, wp = 0 because z, =0
and ¢, = 0. Note that wp = 0 only if wp, = 0 in A. Thus F; = 0 in A because

wk = a = —ITOFk In A,

Upar = Sopa [~ K (uo — ug)? — sp02] < 0. (7.6)

Application of the invariance principle in A shows that solutions starting in A con-
verge to the largest set M C A in which Upar =0.In M,up—uxr =0 and spvi=0
which implies u;, = ug and v, = 0. As a result, 5, = 0 and M contains the set of

parallel formations. The remainder of the proof follows from [33] Theorem 1]. [

Theorem [0]is illustrated in Fig. [7.1aJusing N =5, K = —1, k = 5, and ug = 1.
Note that the steady-state sideslip speed vy, is zero for parallel formations, but not

for circular formations, as shown next. This leads to a non-zero crab angle (.
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Figure 7.2: Illustration of the condition Upar = (. p is the initialization point in RS.

7.2 Circular Formation Control

To stabilize circular formations, we use the thrust control . However,
instead of using the steering control with a; given by , we now consider
an alternative backstepping control that takes into account the observation that the
steady-state crab angle (3 is not zero during a constant turn.

To find the steady-state crab angle and the corresponding steady-state speed,
we differentiate tan Sy = vy /ug with respect to time and solve for ﬁk with up = ug #

0 to obtain

_cos® B (

. 1 ) 1
5k = — —Dk smﬁk + —Fk — 'Lbowk) . (77)
Uo

Mo myo
For circular motion with constant speed s, = sg and turning rate wy, = wpsg, Fr =

wr = 0, which implies

. cos? 1 )
Br = B ( — —Dy.sin By, — uowoso). (7.8)
Uo mo
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The equilibrium points of ([7.8)) are 8, = [y, where

(7.9)

fo = xm/2 and [y = arcsin ( — mOquO)

hS(]
and we used Dy, = hs? in equilibrium.

The equilibrium points f; = 4m/2 are not possible for uy = ug # 0 since
cos By = up/so # 0. For the second set of equilibrium points, sy and vy = sq sin fy =

mougwo/h are constant. To find sq, we solve sg = u% + v(%? obtaining

1/2
2 4 4 h 2
s0 = (UO + \/UO + 2(TTLOU/O(,LJO/ ) ) . (710)

One can show by linearization that the second set of equilibrium points for gy are
stable.

In light of this analysis, we modify the backstepping control to allow
for the vehicle speed sy # 1. The first step is to recognize that, along solutions
to , the time derivative of the circle center ¢, = 11 + 1wy Lei(Br+P) hecomes
ér = (s — wy thg)e™, where ¢, = 0, + B,. As a result, the desired wj, dynamics

(3.9) become
or(r,u, v, ) = wo(s, + K(Ppc, e )) — B, K >0, (7.11)

where ¥ = [1)1,...,%n]T. The backstepping control w, = a; that asymptotically
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Figure 7.3: (a) Rigid-body circular motion in the plane. (b) Velocity component of
circular motion with time. Randomly-generated initial conditions.

stabilizes wy, = ¢p(r,u, v, 1) is

ar = _/i<wk - ¢k(r7 u, v, 'lb)) + wOK¢k<fk7 ieiwk> - /Bk‘
-I—K(w()sk - % Zjvzl [(eiwﬂ', k) (wos; — (4h; — zﬁk))} ) (7.12)

wosk + wpy ' ((fk, eVr) —wy '+ L(ie"%, ei¢k>>’

where 7, = r, — % Zjvzl rj, K > 0,and k > 0. In practice, we omit the sy, Bk,

and By terms from the control because they converge to zero in steady-state (since

sy converges to sg and [ converges to ). We have the following result.

Theorem 7. Consider the rigid body model with thrust control and

steering control , where ay 18 given by . Under these controllers, the set

of circular formations with radius 1/|wg| and direction of rotation determined by the

sign of wy is asymptotically stable. In this set, u = uy and vy = vg = Mmouowo/h for
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all k, and c; = ¢, for all pairs j and k.

Proof. To determine if the chosen controllers for T, and F}, establish the desired
closed loop behavior, we begin by defining a Lyapunov function for circular forma-

tions as

Ueire(r, 0,49, 2) = Vot 5 5000 [(uo — wi)” + (vo — vi)?] (7.13)

where V, is given by (3.13)) with circle center ¢, = 7y + iwy 'e?¥*. Taking the time-

derivative along solutions of (|6.15]) gives

Ve = S0 K (P, 02 — s
+ 2 [—(UO — ) ( — mLODk cos B + mLOTk + Ukwk)} (7.14)

+ 30 [(Uo — vg) (5= Dy sin B — = Fy, + Ukwk)] :

Choosing T} to be the stabilizing control ([7.1]) ensures that u converges to wg
according to the closed-loop dynamics (7.2). Furthermore, V, < 0 along solutions
of (6.15). Therefore, solutions converge to the largest invariant set A in which

u — up = 0 and Vc =0, i.e.,
A = {(Pyc,ie™*) =0, 2, = 0, up = o, ¥ k}. (7.15)

In A, wp = wpsp and F), = 0, which implies that sy = [u2 + (—mouowo/h)2]1/2 and

95



RG

D

Figure 7.4: Illustration of the condition Ucirc = 0. p is the initialization point in RS.

vg = —mougwp/h. For solutions starting in A, we have

Usire = ij:l(vo — vg) (hsovk/mo + upwoSo)
(7.16)

= Yo, By, — )2 < 0.

mo

Application of the invariance principle in A shows that solutions starting in A con-
verge to the largest set M C A in which Umc = 0. M contains the set of circular

formations with u; = ug and v; = vg. ]

Theorem [7] is illustrated in Fig. with N=5 K=1,k=05,wy =1, and
up = 1. Since the sideslip speed vy converges to vy (shown in Fig. and uy
converges to ug, all N vehicles travel around circular trajectories of identical radius.
Though the centers are co-located, Theorem [7] does not specify the position of the
steady-state formation center. When we wish to prescribe the center of the circular
formation, rather than allow it to be arbitrary, we introduce a reference center as
described next.

Let ¢y denote the location of the desired formation center. We also define the
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constant ay o, where a; o = 1 if the kth vehicle is informed of the center location ¢y,
and ayo = 0 if the vehicle is uninformed. In practice, only a single vehicle needs
to be informed of ¢y [29]. Noting that ¢y, = 0 + B, the controller for a first-order

model is [29]
O = wo [sk + K((e™*, Pye) + aro(e™*, cx — co))] — B (7.17)
To derive this controller, we use the composite Lyapunov function [27]

N
1 1
V= §<C7PC>+§;%,0|%—CO 2. (7.18)

The first term of this Lyapunov function ensures that all circular centers are the
same. The second term imposes the additional condition that all circular centers

reach the desired center location ¢y. Taking the time-derivative of ([7.18]) we have

V= Z (<ei¢k, Pyc) + ak,0<€iwk, Cr — CO>> (s — wgl(ék + Bk)) (7.19)

k=1
Substituting 1} for 6, we have

N
: : , 2
V=-K E ((e“pk, Pyc) + agole™*, cp — co)) <0. (7.20)

k=1

To extend these results to the second-order model, we use the Lyapunov function

N
1
V.= =(c, Pc) + 5 ; akolcr — col” + 2] - (7.21)
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Taking the time-derivative gives

N
Vo=>" [((e“"’“, Pic) + apo(e™*, ¢ — Co>) (sk — wo 'Ok + ) + zeve| - (7.22)
h=1

Let 0, = ¢r + 25, where ¢y, is given by || Then we have

V., = Z]kvz1 [—K((ewk, Pic) + ago{er, ¢ — co))Q]

(7.23)
+ Zivzl [—wy ' (€%, Prc) + aro(e™®, e, — o)) 21 + 2] -
Choosing vy = wy* ((e“pk, Pr.c) + ago(e™*, ¢ — co>) — kzy, implies that
N
V., = [—K((ew’“, Pyc) + apo(e™*, ¢ — co>)2 — /{zz] . (7.24)
k=1

Using the transformation ay = vy + (;.Sk,, along with the transformation z, = wy — ¢y,

the second-order controller is

ar, = —k(Uy — ) + wolK iy (Fr, i€F) + wosy,
K (wosic— & 00 [(e, ) wos; — (65 — d))] )

(7.25)
e (s € — i L e, e))

+W61ak,0<iei¢ka Crp — CoWk + w(flak,o (3k — W61¢k) — @c
We have the following result.

Corollary 1. Consider the rigid body model with thrust control and

steering control , where ay 18 given by . Under these controllers, the set
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of circular formations with radius 1/|wy| and direction of rotation determined by the
sign of wo is asymptotically stable. In this set, u, = ug and vy = vg = —Mmouewy/h
for all k, and c; = ¢, for all pairs j and k. The steady-state circle center is ¢y as

long as at least one ay € {0,1}, where k = 1,..., N, is equal to 1.
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Chapter 8

Control of Planar Rigid-Body Dynamics in a Uniform Flowfield

The previous chapter provided formation controls in the absence of a flow-
field. We now analyze the performance of a group of vehicles when a known, time-
invariant, uniform flowfield is considered. In the presence of a flowfield we assume
the velocity of the kth vehicle is the vector sum of the flowfield and the vehicle
velocity relative to the flow (see Fig. . Designating the crab angle in a flowfield
as Bk, we have

T = UpTp + UGk + fr = Spe’ ™, (8.1)

where vy, = arg{ry} = 0 + B, and &, = |7|. The speed is

Sp = /U3 + 03, (8.2)
where
U = u + (fr, Tk) (8.3)

and

Ok = Uk + (frr U)- (8.4)

Note that the drag force, Dy, = hs?, in Fig. is oriented opposite to the vehicle

velocity relative to the flow.
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To find the equations of motion, we take the time-derivative of (8.3)) and ({8.4))

to obtain
W = g+ (fr OnTn)
(8.5)
= _mLODk COS ﬁk + mLOTk + @kwk,
and
o = Op+ (fu —OTr)
(8.6)
= _mLoDk Sinﬁk + mLOFk — akwk,
respectively. We compute s, by rewriting (8.2]) as
a2 _ o2 = ~ = \2 —\2
5 = sp 4+ 2(w(fi, ) + vl fis Un)) + (s Ti) + (fros Ure) (8.7)
and solving for s, in terms of u; and Uy to obtain
. . _ . _ _ _ o\ 1/2
sk = (8% — 2, fi, ) — 200 fr, Ur) + (frs T)> + (fir Ue) %) 2 (8.8)
The equations of motion are
Fe = Wl + Ok + fo = Sedn + [ = Sed
ﬁk = _mLoDk COS /Bk + mLoTk + ﬁkwk
(8.9)
@k = _mLoDk sinﬁk + mLOFk — ﬁkwk
W = —Il—OFk.

Note, we will make use of a new path frame Fp = (k, Zg, Uk, 2x), Where Ty is the

inertial direction of motion, 2, = Z, and g, = Zx X Tk.
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8.1 Parallel Formation Control

In this section we design a decentralized feedback control to drive a collection
of planar rigid bodies in the same inertial direction at the same speed relative to
the flowfield. To ensure that the forward speed relative to the flow converges to wug

we use

1
Tk = My <m—Dk COS 6k — VWi + Kf(Uo — uk)) . (810)
0

Under this controller, i, = Ky(up — ug) + wi(f, yx) and @, = Ky(up — ug), which
ensures u; converges to ug. We stabilize the orientation and turning rate of the kth

vehicle using

F, =2\, (8.11)

with Ay given by (4.3).

Next we determine the steady-state crab angles Bo and (y. To find Bg, we take

the time-derivative of tan Bk = Uy /Uy, to obtain

Uy, — Vg,

sec? BBy, = — (8.12)
U
Solving for Bk and plugging in the appropriate expressions from gives
Bk = COZ;QB’“ [ﬂk< - mLoDk sinﬁk + mLoFk - ﬁkwk>i|
F (8.13)

25 [ “
—cos” Br. [vk( — mioDk cos By, + mLoTk + vkwkﬂ )

Uk

The choice of T}, in 1} drives u; to ug, which means that ﬁk converges to ﬁk =
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wi(f, yr). In steady-state parallel motion, where Fy, = 0, we have

2 cos? O [ 1 : X . _
Br = AQﬁk {Uk( — — Dy sin fy — Ukwk) — O (f, Z/k)} : (8.14)
u; my

To satisfy the equilibrium condition, Bk = 0, we identify Bo = +7/2 and

By = arcsin {— <”—’C< £.0) + uk> mo“’“] . (8.15)

2
hs;,

For parallel motion, wy = 0, and as a result fy = 0, which implies that vy = 0 and

so = ug. Recalling that

By, = arctan (M) (8.16)
g + (fr, Tn)
and that $; can be expressed as (8.7)), we have
2 — <fk7gk>
By = arctan (—uo+<fk,:?:k>> (8.17)

S0 = Vst 2uo(fr, Tw) + (fo, Tu)? + (oo Un) -

Theorem 8. Consider the rigid body model with thrust control and
steering control , where A\ is given by . Under these controllers, the set
of parallel formations where By, = 0, up = ug for all k, and v, = ; for all pairs j

and k 1s asymptotically stable.

Proof. In order to analyze the closed-loop system, we propose the following candi-
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Figure 8.1: (a) Rigid body parallel motion in a flowfield. Blue arrows represent the
direction of heading; red arrows represent the total velocity. (b) Crab angles f; and
Bk with time. Randomly initialized.
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date Lyapunov function

Uper (0,9, 7,2) = Vot LN [y, — (f, 1) — uo)? + 03], (8.18)

where @ = [y, ..., Uy], V = [01,...,0n], and ¥ = [J1, ..., yn]. Ve is given by (4.1))
with phase potential V() = 1(1 — |p,|?), and where p, = + Zjvzl e"i. Taking the

time-derivative along solutions of gives

N
. . 1 1 :
Upar = V; —+ Z |:(ﬁk — <f, Ek> — UO) <——Dk COS 5k -+ —Tk + vkwk) -+ ?A]kf)k:| .
1 mo mo

(8.19)
Observe that V, < 0 under the steering control ‘) and that ap = ag(7y) is
independent of the states u, and 0. If we plug in for ﬁk and ﬁk using with

thrust control (8.10) we obtain

Upar = Z]kvzl [%@w Z‘emk>2 — K’ — Ky(ug — uk)Q]

N 1 - . 1 A ~
+ D h—1 [—m—OUka sin B + -0y, — Ukukwk} -

Recall the drag is Dy = hsi > 0, where h = %pSC’D. Additionally, sin 8, = vg/sy,
and s, > 0. Consequently, —0, Dy, sin B, = —0phSiv.
According to the invariance principle, solutions converge to the largest invari-

ant set A in which V, = 0, where A is given by

A= {{py,ie") =0,2, =0V k}. (8.20)
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Figure 8.2: Illustration of the condition Upar = 0 in a flowfield. p is the initialization
point in RS,

In A, w, = 0, because z; = 0 and ¢, = 0. Note that wp = 0 only if W, = 0 in A.

Thus F), = 0 in A because w, = aj = —IT’“Fk. In A,

Upar = Zi\;l [—Kf(uo — uk)Q — mLOQA}khSkUk — @kukwk S 0. (821)

Application of the invariance principle in A shows that solutions starting in A
converge to the largest set M C A in which Upar =0. In M, up —u, = 0
and —m%)@khskvk — Upupwr = 0 which implies vy = —mougwy/hsg. As a result,
[, = arcsin ( — Moupwy/ hsi) and M contains the set of parallel formations in a

flowfield. The remainder of the proof follows from [33, Theorem 1]. O

Theorem [§] is illustrated in Fig. [8.1a with N =5, K = —1, kK = 5, ug = 1,
and f; = 0.5. Since the turning rate converges to zero in A, 5y = 0, as shown in
Fig. The inertially-measured sideslip velocity vy, is a function of the flowfield,

which implies that for constant heading, Bk converges to a constant equal to Bo =

arctan ((f, gx)/(uo + (fx, Tn)))-
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Figure 8.3: Diagram of the modified vehicle, with a moment couple realized by
control surfaces at the tail and nose.

8.2 Circular Formation Control

When no flowfield was considered, we saw that achieving circular formations
with performance comparable to the second-order vehicle model was feasible; this is
primarily because the crab angle [, converges to a constant for a constant turning
rate wy. When a flowfield is considered, the crab angle /ék depends on the yaw, 6,
and is not constant for circular motion. As a result, the backstepping controller for
circular formations in a flowfield is not feasible, because it is a function of Bk and
B.. These quantities are recursive functions of the steering force Fj that do not
converge to zero, even if F} does.

To solve this problem, we consider an alternate model of the vehicle dynamics.
In the modified dynamics shown in Fig. we replace the steering force with a
moment couple. Half of the former steering force is applied in its original location

and orientation at the rear of the vehicle; the other half is applied along the —-

direction a distance of [z, forward of the center of mass. The equations of motion
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become

Tk = WTk + Uk + fr = SkTk + fr = Skl
A 1 1 ~
ur = ——Dk COS Bk + —Tk + VWi
" e (8.22)
f]k = _mLoDk sin ﬁk — ﬁkwk
wr = —1Fr
With these equations, Bk is found by
Bk = COZ@( — @kﬁk + ’LALk’lA)k> = i |:COS Bk'&kz — sin Bkak] s (823)
k

where @y, and 0y, are fully-specified functions given by (8.22). However, B, is still

a recursive function of the control Fj. This precludes the implementation of the
backstepping controller, even after modifying the rigid body model. Therefore, we

propose to use the proportional-integral controller

wy = Kp(gbk - wk) + Ky / (qbk — wk) dt, (824)

where ¢y, is given by with ¢ replaced by v and s replaced by §. This controller
only depends on Bk, (which is not a recursive function of the control F}) and it drives
wy to track ¢r. Even small tracking error z, = ¢ — wy has been observed to lead
to drifting of the circle center. To resolve this issue, one can use the controller for

circular formations with a prescribed center.

Proposition 1. Consider the rigid body model with thrust control and

steering control , where A\, is given by . Under these controllers, the
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set of circular formations in a flowfield with radius 1/|wo| and direction of rotation
determined by the sign of wy s asympotically stable. In this set up = ug and vy =

vo = sosin By for all k, and c; = ¢, for all pairs j and k.

Proposition[I]is illustrated in Fig. B.4b|with N =5, K =1, Ky = 1, Kp = 10,
K; =15, wp = 0.8, up = 1, and fr = 0.5. Fig. shows that the inertially-

measured crab angle B, oscillates with time as a function of the vehicle’s heading.
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Chapter 9

Conclusion

The goal of this thesis is to provide a rigid body model for the collective motion
of N autonomous vehicles. Existing first-order particle models enable N vehicles
to achieve cooperative formation control. This thesis builds upon that foundation
by first devising a backstepping control design for the stabilization of formations
of N self-propelled particles with second-order rotational dynamics. Stabilization
of the higher-ordered system relies on the assumed stability of the original sys-
tem, as presented in [33] and [27]. In exploiting the Lyapunov functions used to
prove the stability of formations with first-order rotational dynamics, composite
Lyapunov functions, used to design controls to stabilize formations in the higher-
ordered system, are constructed. The backstepping controller is more robust than a
proportional controller in that, under the chosen Lyapunov function, backstepping
allows us to eliminate the error dynamics whereas the proportional controller only
guarantees convergence for a certain range of error.

Regardless of the controller chosen, there are certain requirements that each
vehicle must meet. The first requirement is that each vehicle know the local flow-
field. The second requirement is the result of extending the first-order models to
include second-order dynamics; this introduces the new sensing requirement that

each vehicle be able to measure its own angular velocity.
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A rigid-body model has been devised for use with the second-order backstepping-
derived steering controllers for the cooperative control of multiple vehicles. Rather
than being treated as point masses, each vehicle has been represented as a pla-
nar rigid-body with second-order translational and rotational dynamics. In order
to have closed-loop behavior in which the swarm of vehicles achieves parallel and
circular formations, theoretically justified thrust and steering controllers have been
provided. The thrust has been designed using feedback linearization in order to
force convergence of the forward speed to a prespecified value of ug. The steering
controller is physically realized by a force applied at the rear of the vehicle. This
force induces a torque that controls the vehicle’s yawing movement and, in doing so,
it produces residual sideslip. For parallel formations, we see that the forward speed
converges to the desired speed, and the crab angle converges to zero. For circular
formations, the crab angle converges to a constant.

When a steady, uniform flow is considered, the forward speed and crab angle
of vehicles under parallel formation control also converge as desired. For circu-
lar motion, the crab angle is a function of the vehicle’s heading; therefore, the
rigid body model has been modified so that the steering force is replaced by a
moment couple. Additionally, the backstepping control has been replaced with a
proportional-integral controller. The proposed controllers are observed to yield the
desired formations in simulation.

Ongoing work includes extending the planar rigid-body model to a 3-D model

and verifying the results on a multi-vehicle testbed.

73



Appendix A

Appendix: Alternate Drag Model

Throughout this thesis, the drag force was considered to act through the ve-
hicle’s center of mass. In this section the more realistic assumption is used that the
drag force acts through the center of pressure a distance l; (positive or negative)
away from the center of gravity. We denote the moment arm length of the steering
force as l;. Of the equations of motion derived earlier, only the moment equation

changes. The new moment equation becomes

Mp = (=h@y) x (Fiug) + (h@) x (—Dyli)
= —lngEk — lle sin ﬁkzk (Al)

Thus,

I()Cilk = —lng - lle sin Bk‘ (AQ)

Tk 5 Bk
Tk

Figure A.1: A rigid-body in a uniform flowfield. The drag is assumed to act a
distance [y from the center of mass.
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Solving for wy, gives

l l
(i)k = ——2Fk — —1Dk Sin/Bk, (AS)
Iy Iy

where the first term represents the original backstepping controller and the second
term is the non-trivial moment due to the relocated drag.

Cancellation of Drag Moment Using Integrator Backstepping
In our previous work (with particles rather than rigid bodies), the backstepping
procedure was directed at the rotational dynamics of [6.15] We only sought to
regulate the heading and its derivatives (6, 0, and Hk) Considering only the

velocity and turning rate of each particle, the particle system was

e = h(m) + g(m)ék

(A.4)
gk = Qag,
where ~ . .
COS 13k 0
h(m.) = | sin 3.k and glm) = |0
0 1

We let ¢ (n) be the desired control of the n dynamics, where n = [y, ...,ny]7, and

using the transformation z; = & — ¢r(n), we wrote (A.4)) as [16]

e = [h(m) + g(m)de(n)] + g(m) 2
(A.5)

2k = Vg,

where a = v, —Hﬁ is the backstepping control. Using this procedure, the controllers
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that we developed for 6, have been used, without alteration, in our rigid body
equations of motion; that is, we effectively have wy = ay.
When a moment due to the flowfield is present, we extend the system (A.4))

to the general case of [16]

e = h(m) + g(m)éx

& = M€+ g (e &a.

(A.6)

Here, h(n;,) and g(n;) are as described previously. The equation &, represents the
angular acceleration. Therefore, ¢'(n;) = 1, aj represents the desired backstepping
controller, and h/(n) represents the moment due to drag.

As with the particle model, we add and subtract g(ng)dx(n) to the right side

of the first equation of ((A.6]) to obtain [16]

e = () + g(m)oe(m)] + g(m) €k — dx(n)]
(A7)
& = Wk €) + 9 (ks a.
Using the change of variables z, = & — ¢x(n) gives [16]
e = [h(ne) + g(m)oe(n)] + g(m) 2k
(A.8)

G o= 0,8+ g (. Ear — dr.
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We use the transformation v, = ¢/ (1, &)a, — ¢r, which gives us the final form

e = [h(ne) + g(e) ()] + g(ne) 2k

2k = Vp+ h’/(n7§>7

where h'(n,€) is the term for the angular acceleration due to drag. To show the
stability of the transformed system and determine the backstepping controller ay,

the following composite Lyapunov function is used:
Vo=V + %zg (A.10)
Taking the time-derivative of yields
Vo=V + 2=V 4 z(vi + B (0, &)). (A.11)

The virtual control v is then chosen to make VC < 0. This process includes canceling

h' (i, & ), the angular accerelation due to the drag. Below, this procedure is shown

for the case of parallel formations, and can be easily extended to the other cases.
Example of Moment Cancellation Using Parallel Formations

Here an example is given of drag moment cancellation using parallel formations (no

flow). Recall that the equations of motion for the kth vehicle in a formation are
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given by

Ty = URTg + Uk = SkTk

iLk = _mLoDk COS ﬂk -+ ngTk + VWi (A 12)
f)k = _mLoDk sin 5]@ -+ mLoFk — UrWk

W = ag,

where wy, = 65, Dy = %psﬁSCD, and B, = arctan (Uk/uk) When a moment due to

the drag is included, this model becomes

Tk = UpTk + UpUr = Sk
ﬂk = _mLoDk COS Bk + mLOTk + VWi
(A.13)
i)k; = _mLoDk’ sin Bk + mLOFk — UWE
wk = ai+ h,,
where b/ = —%Dk sin 0. We would like to design a; using backstepping to drive a

collection of vehicles in a parallel formation. Therefore, for ease of control design
we follow the backstepping method used for the particle model and consider only

the rotational dynamics, given by

O = ap + h. (A.14)

This can be substituted into the angular acceleration equation of model (1.7 to
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give:

e = cosnp+ (fr, 1)

Mok = sinng + (fi, )

(A.15)

773,k = Wk

d)k = ai+ h/,
where 1, = 6y, is the kth vehicle’s heading and 7, x, n = 1, ..., 3 are the position (1
and 724) and orientation (n3y) of the kth vehicle. To find a suitable controller a

that takes into account the acceleration due to the drag h’, we begin by defining the

Lyapunov function

1

Vie(n,2) = =Viln) + 35 >_ 2, (A.16)

WE

k=1

where V() = 1|pg|®. Following the procedure outlined in Section [3.1 we take the

derivative of (A.16|) as

N N

. 1 y ) .
‘/c — _N ;ng, e n3’k>773’k —+ ; ZERk- (Al?)

Using the transformation s = ¢ + 2, and 2, = vy + h' yields

N
Ve = E {_N@@’ ie"Br) gy, — N(pea ie"™ k) zy, + 2 (v + h’)} : (A.18)
k=1

Choosing v, = —kzp, — W + %(pg, ie"s.k) yields

N
: K,
Vo 3 | e = | (A19)

k=1
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With v, now defined, the backstepping control, given by ay = vy + br, st

1 .
ap = —kzp — h' + —(py, ie"™*) —

N

ZIN

N
Z e ek (wy —wy)], K <0. (A.20)

When ay, is plugged into wy = ap + I, the system (A.15) becomes

Tk
2,k
73,k

W,

COS 7], + <fki7 1>
sin g + <fk, Z> (A 21)

Wk

ag,

so that now the vehicle using steering controller (A.20]) has the same dynamics as a

vehicle whose center of pressure is located at its center of mass.
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