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Abstract Modeling soft robots that move on surfaces is challenging from a variety
of perspectives. A recent formulation by Bergou et al. of a rod theory that exploits
new developments in discrete differential geometry offers an attractive, numerically
efficient avenue to help overcome some of these challenges. Their formulation is an
example of a discrete elastic rod theory. In this paper, we consider a planar version
of Bergou et al.’s theory and, with the help of recent works on Lagrange’s equations
of motion for constrained systems of particles, show how it can be used to model soft
robots that are composed of segments of soft material folded and bonded together. We
then use our formulation to examine the dynamics of a caterpillar-inspired soft robot
that is actuated using shape memory alloys and exploits stick-slip friction to achieve
locomotion. After developing and implementing procedures to prescribe the parameters
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for components of the soft robot, we compare our calibrated model to the experimental
behavior of the caterpillar-inspired soft robot.

Keywords Elastic Rods - Soft Robots - Locomotion

1 Introduction

The field of soft robots has emerged as a prominent research area in mechanics in the
past decade. The function of these soft robots range from soft gripping devices such
as Galloway et al. [13] and Laschi et al.’s octopus [16] with fully functional extending
and grabbing tentacles to locomoting devices such as the worm-like robot developed
by Seok et al. [30] and the caterpillar-inspired robot developed by Trimmer et al. [18].
While much of the work in soft robots focuses on design and construction, works on
the challenging tasks of developing and analyzing models for these machines are far
fewer in number (see, for example, [7,11,12,14,20,27,28]). Models that have appeared
in the literature use finite element methods or rod-based theories to model the robot
(cf. [14,34,35] and references therein). Developing tractable finite element models that
are validated with soft robot prototypes is challenging and often involves some type of
model reduction (cf. [7]). Notable examples of this work include Renda et al.’s model for
an underwater soft robot [27]. Because of the challenges in modeling frictional contact,
developing, validating, and analyzing models for soft robots that are designed to grip
objects or locomote on rough terrains is difficult.

Nonetheless, a new avenue to develop models for soft robots has become available
due to Bergou et al.’s recent formulation of a discrete elastic rod theory [1,3,4]. Their
formulation, which we refer to as DER, is computationally efficient and can model the
three-dimensional dynamics of elastic and viscoelastic rods that are capable of bending,
stretching, and twisting. The computational advantages of the DER formulation over
traditional approaches, such as finite element models, lumped parameter models, or
continuous rod models, make it ideal for use in analyzing soft robots. These advantages
include generation of ordinary differential equations for the motion of the soft robot
that can interface with control schemes and contact algorithms, ability to incorporate
a hierarchy of rod models, and ease of interpretation and measurement of kinematical
quantities. We also take this opportunity to note that discrete elastic rod formulations
are also used to analyze assembly processes for cables (cf. [19,21,22]).

The purpose of the present paper is to examine a planar version of DER that is
capable of modeling locomoting soft robots as a branched structure in frictional contact
with a surface and then use the formulation to model the dynamics of a soft robot test
bed. For brevity, we refer to this formulation as a planar discrete elastic rod (PDER).
The soft robot that we examine is a caterpillar-inspired robot shown in Figure 1. Using
the PDER model, we are able to examine the efficacy of actuation strategies for the
robot as it locomotes on a rough horizontal surface. Complementing Bergou et al.’s
original works [1,3,4], we derive formulations of the equations of motion for the PDER
by taking advantage of recent works on the formulation of Lagrange’s equations of
motion for a discrete set of particles [6,23]. We also explore a novel folding strategy to
develop models for soft robots composed of multiple SMA actuators bonded together
such as those shown in Figure 1.

As in earlier works on locomotion [33,34], the locomotion in the soft robots we ana-
lyze is a product of stick-slip friction induced by changing the intrinsic curvature of the
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Fig. 1: Caterpillar-inspired robot made out of six SMA actuator segments connected in
series, with embedded flexible circuit and battery packs on top. The inset image shows
a schematic of the assembly process for a single actuator segment.

rod-like structure that is being used to model the SMA actuator. However, in contrast
to earlier work, which involved a quasi-static analyses of an elastica with an attached
mass at one of its ends [34] and a multibody dynamics model for a caterpillar-inspired
robot [9], here we analyze the dynamics of the actuator using the PDER formulation.
The PDER formulation also provides a set of ordinary differential equations for the
discrete model of the soft robot. In ongoing work, these equations are being used to
design distributed feedback control strategies.

An outline of the paper is as follows. In the next section, ingredients needed to
formulate a planar theory of a discrete elastic rod are presented. The theory is a
specialization of Bergou et al.’s formulation for an extensible rod that resists bending
and torsion [1,3,4]. For the planar case, we are able to restrict attention to bending
and stretching and the DER formulation simplifies dramatically. Once the kinematical
preliminaries have been presented, we turn to a discussion of mass matrices and inertias
in Section 3 and forces and elastic potential energies in Section 4. Our treatment in
the latter section closely follows a recently published primer on DER [15]. With the
preliminaries taken care of, we then turn to presenting Lagrange’s equations of motion
for a rod that is free to move on a surface (and is consequently subject to external
constraints). Here, we take advantage of recent works [6,23,24] on Lagrange’s equations
of motion for systems of particles to formulate the equations in a systematic manner.
In Section 6 we apply the ideas from these works to consider folding a rod so the PDER
is capable of modeling tree-like structures. This capability is needed if we are to be
able to model soft robots such as the one shown in Figure 1.

The PDER formulation that incorporates folded rods and branched tree-like struc-
tures is then used to model an SMA-actuated soft robot. First, however, we develop
and implement strategies to determine the parameters of the PDER model. These pa-
rameters include intrinsic curvature and Young’s moduli, both of which are functions



of time. Next, we consider the caterpillar-inspired soft robot shown in Figure 1. The
design of the soft robot is based on measurements of caterpillar kinematics performed
by Trimmer et al. [32], where actuator segments are connected in series to mimic body
segments of a caterpillar that are actuated from rear to front to result in forward lo-
comotion. Here, we model the segments as connected SMA actuators and model the
entire robot as a tree-like branched structure. Mimicking the actual soft robot, we
are able to demonstrate that locomotion can be achieved by actuating the segments
in a particular order. Our model also enables the study of the efficiency of different
actuation schemes.

Additional details on the fabrication and testing of the SMA actuators are presented
in Appendix A.

2 A Planar Discrete Elastic Rod

We consider Bergou et al.’s [1,3,4] formulation of a discrete elastic rod. Their theory
is sufficiently general to model the stretching, torsional, and flexural deformations of
an extensible, flexible elastic rod. In this section of the paper, we restrict the theory to
the planar case. Thus, the rod is free to move on a plane and the torsional deformation
of the rod is ignored. The resulting simplifications to Bergou et al.’s formulation are
considerable and we refer to the theory as PDER in the sequel.

XEk+1

E;

E;

Fig. 2: Three vertices Xy_1, Xg, and Xi+1 of a planar discrete elastic rod. This figure
also illustrates the pairs of unit vectors {tk,nk} associated with the edges and the

turning angle .. The unit vectors E1 and Eo define an inertial frame.

In a discrete elastic rod formulation, the centerline of the rod is discretized into a
series of n nodes (or vertices) that are connected by n — 1 segments (edges), where n is
an integer. The higher n, the more refined the discretization of the rod. The position
vectors of the nodes that define the edges are denoted by xg,...,x,—1 (cf. Figure 2).

The edge vector e’ and the associated unit vector t* are defined as follows:
i
; ; e
1 K3
e’ = x; — X t = —
i+1 15 HelH

(2.1)

Here, and in the sequel, a subscript is used to denote quantities associated with a
vertex (e.g., x;) and a superscript is used to denote quantities associated with an edge



(e.g., ei). For the planar discrete elastic rod, it is convenient to identify the material
vector (director) m¥ with the unit normal vector for each edge and the material vector
(director) m5 = E3 with the out-of-plane direction:

m]f =n = E;3 x tk, mIQC = E3. (2.2)

Thus, {tk7 nk7 Eg} are an orthonormal triad of vectors. The turning angle can be used
to relate the triads at adjacent edges:

t* = cos (o1) t*1 4 sin (¢r) n1 n® = cos (¢r) n"7! —sin (¢r) =t (2.3)

Associated with each vertex, we define the length 2% of the Voronoi region:

1 0 1 k—1 k 1| n—2
o= =g () =gl e
where k =1,...,n — 2.

For the discrete elastic rod, a signed discrete integrated curvature xj can be defined
at the kth vertex:

2sin (op) (sak)
"k T T cos (pr) M\ ) (25)

where @ is the turning angle at the kth vertex. In comparison to the curvature of
a continuous curve, kj can be easily measured in soft robot actuators where optical
methods are used to track a set of discrete points [9]. The curvature kj, is dimensionless
and, as shown in Figure 3, this function is not defined when the edges are antiparallel.
We observe that

8/% o 255
d¢; 1+ cos(pr)
208
= ——F. 2.6
1+ th=1.tk (2.6)

In this equation, 5f is the Kronecker delta: i.e., 5f = 1if ¢ = k and is otherwise 0.
The discrete integrated curvature vector ki Es at the vertex x;, is used to quantify
the bending strain of the rod:

(2.7)

The representation (2.7) can be considered a specialization of the three-dimensional
curvature vector to the planar discrete elastic rod. The curvature xj can be considered
as a planar version of the vertex-based material curvatures sy, and xy, introduced in
Bergou et al. [3]. The curvatures kj, and kj, are used to formulate bending strains
and elastic energy associated with bending. Alternative measures of bending strain
are used in polymer dynamics where a worm-like chain model consisting of bead and
springs are used to model polymers. These alternative measures include the turning

angle ¢ and th — gkt

‘ = 4/2(1 = cos (pg)) (cf. [5] and references therein).
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Fig. 3: The discrete curvature ki, as a function of the turning angle . When ¢, = 7,
the edges of the rod are coincident and, as pj passes through m, the edges intersect. Such
behavior is non-physical and is penalized by the forces in the rod which, in proportion
to Ky, become unbounded as pj — 7.

For future reference, the variation of k; due to the displacements of the edges of
the discrete rod are presented here. The following are intermediate results from [15,
Chapter 6] that can be used to compute these variations:

Iy
8ek52 =0
0 B ek—l y ek—l x ek
aek—l - ”91671”2 He’“l X ek||7
dpp e ) oF1 o ok
Oek - HekHQ Hek—l x ek ’
o]
aeffl =o0. (2.8)

One can verify that the variations are orthogonal to E3 as expected. Indeed, for the
planar case of interest we can simplify (2.8) using the identities

tP T tF = (@ By = —(tF 1 nM)Es. (2.9)



Thus, we have the following simplifications of (2.8):

ook _ Opr_ 1 k-1
dek—2 T 9ek—1 ”ekfl” ’
Opk _ 1k o _
Pek ||ean R ekt (2.10)

3 Prescribing Masses and Inertias

Following Bergou et al. [1,3,4], the mass M; associated with the ith vertex is the
average mass of the edges meeting at this vertex:

1.0
My = =M
0 2 B
Mi:%(MiJrMi*l), (i=1,....,n—2),
My_, = %M"*Q. (3.1)

For a homogeneous rod with a uniform cross-section in its reference configuration (or
reference state),

M= poA®||e’]|, (i=0,...,n—2), (3.2)

where pg is the mass density per unit volume in the reference configuration, A' is the
cross-sectional area in the reference configuration, and ”éz” denotes the length of the
ith edge in the reference configuration. If the rod is not homogeneous or of a uniform
cross-section, then M ¢ must be computed using a more primitive prescription:

Mt :///podxldxgd:vg, (i=0,...,n—2), (3.3)

where the integration is performed over the segment of the three-dimensional body
that the ith edge is modeling.

The mass moments of inertia associated with the ith edge are defined with the help
of volume integrals:

p%[i = ///:E%podxldl'gdl'g, (:1=0,...,n—2). (3.4)

Thus, for a segment of length ¢ of a homogeneous rod with a rectangular cross-section
of height h (in the zo direction) and width w (in the out-of-plane x5 direction):

- hw® Miw?
zIz _ -
£0 P0 B B

(3.5)

Observe that we have used the definition of the mass M? of the ith edge to simplify
the expression for pgI*.



The mass matrix M can now be defined:

My O «----- 0 0
0 My - 0 0
M= (3.6)
0 0 «-vv-- M,_1 O
L 0 0 «oeen 0 M,_1]

This matrix can be used to formulate an expression for the kinetic energy T of the rod:

n—1
1 T
T=3 1;—0 (XZkak) . (3.7)

where -
X = [hy Tny | (3.8)

The mass matrix in (3.6) is always positive definite.

4 Forces and Energies

For the planar rod theory, we assume that the elastic energy is incorporated into the
stretching and bending of the rod; torsion is ignored. The elastic potential energy Fe
is a function of the stretching of the edges and the turning angles between the adjacent
edges. A simple choice of the function Fe is an additive decomposition of a stretching
energy Es and a bending energy FEy:

Ee = Es + Ey,. (4.1)

The respective extensional Es and bending FEj, elastic energy functions are assumed to
be quadratic functions of the strains:

. 2
NS (1€ .

Ey, =

(K — Ri)” (4.2)

In these expressions, the overbars ornamenting ¢}, e’ , m;, and k; denote the values of
these quantities in a fixed reference configuration and E denotes the Young’s modulus.
The moment of inertia in the bending energy is based on the average of the areal
moments of inertia:

I = % (Ii +IH) . (4.3)

This averaged quantity is considered a vertex-based measure. In the sequel, the intrinsic
curvature R, at the vertex will change depending on the actuation of the SMA actuator
that the PDER is modeling. Modeling the actuation using the intrinsic curvature is
also a strategy used in models of pneunet actuators (cf. [25]).



The force Fe, acting on the ith vertex can be prescribed by solving an energy
balance that equates the negative of the time rate of change of the elastic energy to

the combined mechanical power of the forces Feg,...,Fe, , [15]:
n—1
Be=-) Fe % (4.4)
=0

This procedure mimics the definition of conservative forces in systems of particles (see,
e.g., [23]). For the choice of E. we have selected, it is possible to decompose the force
vector at the ith vertex:

Fe, =Fs, + Fy,. (4.5)

Here, the force Fs, is associated with a stretching energy and the force Fy, is associated
with a bending or flexural energy. These forces can be prescribed by assuming that they
satisfy the following energy balance for all motions of the rod:

n—1
Bs+Ey=-Y (Fs, + Fy,) % (4.6)
=0

After some rearranging, we find that Eqn. (4.6) can be expressed as

n—1
> X ki =0. (4.7)
=0
In this equation,
OF,
XO = — aeg +FSU + Fb07
OF, OF,
Xp= -S04 D LR 4R, (=12,
OF
Xp-1= WEQ +Fs, s +Fp, . (4.8)

As Eqn. (4.7) is assumed to hold true for all motions of the discrete rod, the vectors
X, are independent of x;, and xg,...,X,—1 can all be independently varied, we can
conclude that

X, =0, (k=0,...,n—1). (4.9)

It is now possible to equate the forces to the gradients of the elastic energy.
With the help of (4.8), an expression for the internal force Fs; due to stretching
acting on the vertex x; in terms of the stretching energy Es can be found:

0
R, = 22 _ pao (”e | _ 1) £,

el 18]

k—1 k
. B § Gl B PSR A Y
=~ oT t ok = ~BA ] 1| t" !+ EA IEG] 1] t¥,

n—2
Fs, , = OBs _ _pyn—2 (M - 1) "2 (4.10)

T 9en—2 Hénﬁ”
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As anticipated, the components of the forces Fs, are parallel to tangent vectors to the
edges that meet at the kth vertex.

The following expression for the internal force due to bending Fy, acting at the
vertex x; is computed using the bending energy Ej with the help of Eqns. (4.8) and
(4.9):

OF,,
Fin = Gev-
OF,, OF,,
Fbk:iaek_1+?7 (k:177n72),
OF,
Fo = 503 (4.11)
where
0E, FEI, _ .\ Ok Elt), _ OKk+1
e — kR — 72 — . 4.12
Oek Ly (k= k) Oek Lt (Kbt = Fry1) Oek ( )
We note that
aﬁk o 2 8(pk -0
dek=2 14 cos(pi) Oek—2
ank _ 2 3g0k
deF—=1 14 cos(p) Oek—1’
Okk _ 2 Ok
dek 1+ cos (¢r) ek’
Org_ _ 2 Ok _ g (4.13)

deftl 14 cos(py) dektl

Representations for 62551 and % can be found using (2.10). In contrast to the forces

F, associated with stretching of the edge, the components of the forces Fy, are normal
to the tangent vectors of the edges that meet at the kth vertex.

5 State Space Formulation and Lagrange’s Equations of Motion

In the planar formulation of the discrete elastic rod formulation, a 2n-dimensional state
vector q is formulated using the Cartesian components of the position vectors of the n
vertices:
1 2 T
q= [q ey q n} = [xo ‘E1,%x0-E2,...,X(m_1)  E1,X(n—1) - EQ] (5.1)
Complementing this vector, a pair of 2n-dimensional generalized force vectors are also
formulated:

T T
2n—2 2n—2
Fe)(t = [ngh ) ng? ):| 3 Fint = |:Fi0nt7 e Fl(n;n )i| . (52)

If we consider the kth node and the (k— 1)th and kth edges bounding this vertex, then
the components of the force vector Fi,: are

21;+1 ]
N I (5.3)
F2h+2 Fp-Eo |’

int
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where the resultant of the elastic forces and dissipative force Fg, acting on the kth
node has the decomposition

Fk = de + Fsk + Fbk~ (54)

For future reference, we note that if an external force P acts on the vertex xj, then
this force contributes as follows to the components of the generalized force Fext:

F2k+1 P E;

ext —

Examples of the force P in the sequel will include contact and friction forces acting on
a node.

As the discrete elastic rod can be considered as a set of particles joined by elastic
elements and acted upon by external forces, classic methods such as those in [31],
can be used to show establish the equations of motion for the rod. It is convenient
to define a Lagrangian function L = T'— U where T is the kinetic energy of the rod
and U denotes the potential energy associated with elastic energy Fe and externally
applied conservative forces. The equations of motion can be expressed in the following
canonical form:

d ( 0L oL
i(50) g =0n W=t >
where
8X0 axnfl
QJ:FHCO'—an+4..+Fncn,1'Tq.J- (5.7)

In these representations for the generalized force Qj, Fnc, is the non-conservative
force acting on the kth vertex. The equations of motion (5.6) are equivalent to linear
combinations of Newton’s laws of motion F; = m;X; applied to each of the nodes of
the rod. The equations (5.6) can also be expressed in a state space form discussed in
Bergou et al. [3, Section 6].

6 Constraining a Discrete Elastic Rod

There are two common instances where integrable constraints are imposed on the
discrete elastic rod. The first case arises when the rod is in contact with a surface.
The second case arises when certain edges of the rod are folded onto themselves or
(equivalently) edges of a rod are bonded together. Both cases occur when the soft robot
shown in Figure 1 is modeled using a discrete elastic rod. As we shall demonstrate for
the first time, it is straightforward to construct the potential and kinetic energies for
the constrained (folded) structure. In addition, because the constraints imposed during
the folding process are integrable, deriving the equations of motion follows a standard
procedure (see, e.g., [6,23]). Alternative numerical methods to impose the constraints
are discussed in Bergou et al. [4, Section 8].
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Fig. 4: (a) A discrete elastic rod composed of 4 edges and 5 nodes and (b) the folded
discrete elastic rod obtained by permanently joining two of the edges of the rod together.

6.1 Constrained Equations of Motion

After the integrable constraints have been imposed on the discrete elastic rod, a new
set of coordinates can be defined by eliminating the redundant coordinates. This new
set of coordinates is distinguished by a tilde:

q:[ql, qu (6.1)

where N is the number of degrees of freedom of the constrained rod. For instance, for
the folded structure shown in Figure 4(b), N = 10 — 2. In the sequel, we ornament
kinetic and kinematic quantities associated with the constrained system with a tilde.
In the event that the rod is in contact with a rough surface, it is prudent not to
impose the constraints associated with the contact until the concomitant normal forces
have been computed. In the PDER formulation, the contact of a rod with a surface is
enforced through the contact of a node. For the purposes of exposition, suppose the
kth node is in contact with a stationary planar surface whose unit normal is E5. Then,

we prescribe the constraint forces Fj,  acting on the node as the sum of a normal

con

force and a friction force:

[ NyEg+ FpE;  whenvy =0 where |Fy, | < s [Ny 69
keon = Y NpBo — up, | Ng ”:—:” otherwise ’ (6.2)

where v, = xj. The unit vector H:—:H is parallel to the slipping direction of the kth
node, us is the coefficient of static friction, and puy, is the coefficient of dynamic friction.
At the stick-slip transition, vi = 0, the friction force is static, and we prescribe the
slip direction to be antiparallel to the direction of the limiting static friction force.
By imposing the integrable constraints, we can also compute the constrained kinetic

energy T of the structure:
T ==-4"Mg, (6.3)

where the N x N mass matrix M is computed using the 2n X 2n matrix M by combining
the elements associated with the joined nodes. Similarly, for the elastic potential energy,
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we need to eliminate several terms associated with bending of the pairs of folded edges.
To avoid singularities with the turning angle, it may be necessary to introduce new
intrinsic curvature terms into the expression for Fe to arrive at Ee. Related remarks
pertain to the potential energy U, associated with the applied conservative forces. The
energies Ee and U, are then added to define U. We shall shortly discuss a pair of
examples in Section 6.2 to illustrate these points.

Lagrange’s equations of motion for the constrained rod are

d (oL oL -
E(&];—K)*aqﬁfQKv (K=1,...,N), (6.4)

where I = T—U. Constraint forces F, are needed to impose the integrable constraints

associated with contact, attachment, or folding. However, in the case where contact is

with a smooth surface, it can be shown that these forces do not contribute to several
of the forces Qx:

0%g

Foy —we+ ...+ Fe, - —= =0, (K=1,...,N). (6.5)

0q

Consequently, (6.4) can be integrated using standard methods.

massless segments

(@)
/

X0 X3 X6 X7 X8 X11 X15

(b)

X0 X3 [ X11 X15

Fig. 5: (a) A discrete elastic rod composed of two segments with 8 nodes and a third
massless freely extensible segment with a single edge (dashed line). (b) The folded dis-
crete elastic rod obtained by permanently bonding the third edge to the first segment.

6.2 Folding a Discrete Elastic Rod

Imagine modeling a T-shaped structure using a discrete elastic rod. The simplest such
model will have 4 nodes, however to start the modeling process, we consider a discrete
elastic rod with 4 edges (and 5 nodes) shown in Figure 4. Imagine constraining the
positions of nodes x; and x3 to be identical, which has the effect of folding the second
and third edges onto themselves!.

L For discussion and proof that any discrete rod configuration in Euclidean two-dimensional
space can be reduced into a polygonal cycle or a polygonal arc using simple folding motions,
we refer the reader to [8,10,17].
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To establish the equations of motion for the folded structure shown in Figure 4, we
need only eight generalized coordinates:

1 9 - 4
i'=x0-BE1, @=x0-E, §¢=x1-Ei=x3-E1, ¢ =x -BEy=x3-Eg,

@ =x2-E1, @ =x2-FEa, § =x4-FE1, ¢ =x4-Es. (6.6)

The mass matrix M is

My O 0 0 0 0 0 O
0 My 0 0 0 0 0 O
0 0 M+ Ms 0 0 0 0 O
v 0 O 0 My+Msz 0 0 O O
M = 0 0 0 0 My 0 0 O (6.7)
0 0 0 0 0 My 0 O
0 0 0 0 0 0 My O
| 0 0 0 0 0 0 0 My|
The constrained elastic energy E = Es + Ej, can be obtained from Eqn. (4.2):
Y AN
£ [ma ( ] 1) 2] + 2a® ( Il ) |
1 2 1 2
L, EA 4+ EBA let]] ) Hél
2 et ’
- 1 (EI _ El _
By =< | == (k1 —F1)* + = (k3 — R3)” | . (6.8)
2\ £ {3
The areal moment of inertia in the bending energy expression is defined as
. 1 ~ 1
11:5(10+11+12), 13:5(13+11+12). (6.9)

The intrinsic curvature at the T-joint is such that the intrinsic turning angle at this
point is 90°. Thus,

R1 = kg = 2. (610)

These modifications to the intrinsic curvatures and bending energies are necessary to
avoid singularities associated with turning angles of 180°.

A generalization of this folding procedure used to model a caterpillar-inspired robot
is shown in Figure 6. In this construction, we are modeling the bonding of two segments
of a discrete elastic rod by artificially inserting massless freely extensible segments of a
rod (i.e., the segment has a Young’s modulus of 0). Such a segment is shown as a dashed
line in the aforementioned figure. We can then use the folding procedure mentioned
earlier to create a discrete elastic rod model for the caterpillar-inspired robot in Section
8.
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massless segments

® X6 = X8 /

X0 X3 f X11 X15

(b)

Fig. 6: (a) The folded discrete elastic rod from Figure 5 that is obtained by permanently
bonding the third edge to the first segment. (b) The folded discrete elastic rod formed
by bonding the 6th edge of the first segment to the first edge of the second segment. (c)
Introducing intrinsic curvature into the folded rod.

7 A Discrete Model for a Single SM A Actuator

A class of soft robots such as those discussed in [16,18,30] are typically made by
assembling a series of actuators composed of nickel-titanium (NiTi) shape memory
alloy (SMA) wire enclosed in a flexible casing. We refer to the assembly of wire and
flexible casing as an SMA actuator. As electric current is passed through the wire,
the wire heats up and transitions from its martensite to the austenite state [29]. This
transformation bends the actuator and also changes its flexural rigidity. Faithfully
simulating the dynamics of a single actuator during this transformation is a necessary
precursor to simulating a soft robot assembled from these actuators.

We model the transformation as inducing changes to the intrinsic curvature and
flexural rigidity in a rod-based model for the actuator. To obtain an estimate of the
material parameters of the SMA actuator during actuation, we consider a single ac-
tuator clamped at one end and free at the other under repeated actuation. We first
perform an experiment to measure the shape of the hardware actuator over time using
automated tracking of high speed video. Next we numerically solve for material pa-
rameter values that give the best agreement between the hardware measurements and
the results of numerical simulations of the planar DER model. All six of the actuators
(which we label #1 through #6) used in the construction of the caterpillar robot were
probed in this manner.
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We are able to employ an optical method based on our earlier work [9] to determine
the intrinsic curvature of the actuator. The tracking procedure involves three steps.
First, given a frame from the video, a colored edge of the actuator is isolated from
the rest of image. Then, a smoothing spline is used to obtain (x(s),y(s)) where s is
the arc-length parameter. Using the functions z(s) and y(s), the curvature x can be
computed analytically. A sample of the results for a single actuator are shown in Figure
7. Although the curvature is not uniform along the length of the actuator, we seek to
approximate k in our models using a mean curvature. At each frame, a circle is fit
to the outline of the actuator. The mean curvature of the actuator is identified as
the inverse of the circle’s radius. Paralleling our earlier work with pneu-net acuators
[25,26], the mean curvature we find in this manner, after a rescaling and appropriate
sign attribution, can be identified with the intrinsic discrete integrated curvature ky,
used in the PDER model. Representative examples of the time evolution of the mean
curvature can be seen in Figure 8(a) for ten repeated activation cycles. Every cycle
heats the actuator and, without sufficient cooling time, the curvature profile flattens
out.

The periodic input current (or activation pulse) to the SMA actuator consists of
a square pulse, 0.15 s in duration, with a period of 3.54 s. The current changes the
curvature of the actuator. Based on a series of tests, a representative sample of which
are shown in Figure 8(a), we assume that the change in the mean intrinsic curvature
follows a logistic curve of the form

R(l) = Rrest — A (1 - %) : (7.1)
l14+e 7

starting from the moment electrical current is applied at ¢ = 0. In this equation, Rrest iS
the resting value of the curvature that it returns to after actuation, A > 0 represents the
net decrease in the curvature at the start of actuation, tq is the time that the curvature
is halfway back to its resting value (K(tg) = Rrest —A/2), and T is a time constant. The
Matlab function 1sqcurvefit is used to solve for the four parameters (Rrest, A, 7, to)
that minimize a least-squares error function, _(k(t) — &(t, Rrest, A, 7, t9))?. To prepare
the data, we trim the 240 frame-per-second time series data for a given actuator into
data for each individual cycle, taking ¢ = 0 to be the instant that the curvature first
crosses the threshold k = —60 m~! from below. The end of a cycle is chosen as the
time when the curvature reaches its minimum value before the next electrical pulse
input. As can be seen from Figure 8(a), the logistic function in Eqn. (7.1) qualitatively
matches the shape of k(t) after initial oscillations have died down.

As regards our PDER simulation, we identify x(¢) with the intrinsic curvature (t)
of the rod. The function %(t) is then used to define the reference (or intrinsic) discrete
integrated curvatures &1 (t),. .., Rp—2(t) of the nodes of the PDER. In this manner, the
SMA actuation is incorporated into the rod model. That is, when the square pulse is
activated, the intrinsic curvature changes according to Eqn. (7.1). Note that the time
constant 7 can be considered to be a function of the SMA temperature, as seen in
Figure 8(a) for an actuation period of 3.54 s; a longer period of actuation would yield
a constant 7 but a slower locomotion speed of the caterpillar-inspired soft robot.

For the numerical simulations of the planar DER model, we use the implicit first-
order integration scheme suggested in [3] and [15]:

hi(tpy1) = z(teq1) — z(te),
M (&(tgg1) — &(tg)) = h F(tggr, o(tgg1), #(tg41)), (7.2)
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Fig. 7: Motion capture data of a cantilevered SMA actuator. (a) Deformed shape of the
actuator when an activation pulse signal is applied at t = 0. After a period of approxi-
mately 2 seconds, the actuator returns close to its undisturbed state. (b) Measurement
of the curvature k = Kk(s,t) of the centerline of the actuator as a function of arc length
for various instants of time. Data fromt =0 s tot = 0.5 s are omitted for visual clarity
due to the initial high-frequency response of the actuator (cf. Figure 8(a)). However,
the initial data are readily inferred from the video provided in the supplemental material
associated with this paper.

with a time step h =t — ti. At each instant of time ¢, we numerically solve the
set of nonlinear equations in Eqn. (7.2) for z(txy1) and @(t;41) via Matlab’s fsolve
function. Entries of the force vector F' are the sum of forces due to bending, stretching,
viscous damping, and frictional ground contact for each node. The actuator is simulated
using a discrete elastic rod with n = 10 nodes and a time step of h = 0.001 seconds.
To simulate the boundary conditions at one end of the cantilevered rod, the first two
nodes of the discrete elastic rod were fixed.

To estimate the stiffness and damping parameters of the actuator, we consider the
oscillations in %(¢) during the first 0.4 seconds of actuation (cf. Figure 8(a)). For each
of the six actuators and each cycle, the dominant frequency of oscillation is computed
using Matlab’s periodogram function and the curvature overshoot is calculated as the
minimum value of the measured curvature relative to the logistic curve fit. We use
Matlab’s nonlinear equation solver fzero to solve for values of the Young’s modulus F
and viscous damping coefficient ¢ such that the oscillation frequency and overshoot of
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Fig. 8: PDER simulation of a cantilevered SMA actuator, using 10 nodes with the first
two fized. (a) Predicted mean curvature &(t) of the centerline of the actuator over time,
overlaying the simulation result with the logistic fit and measured data for actuator #1
over 10 cycles. (b) Deformed shape of the simulated actuator when an activation pulse
signal is applied at t = 0. After a period of approximately 2 seconds, the actuator
returns close to its undisturbed state.

the numerical PDER simulation of the actuator most closely match the experimental
data. The Young’s modulus is presumed to follow the same activation time profile as
the intrinsic curvature, assuming that the maximum stiffness is 2.3 times that of the
resting stiffness based on the martensitic-austenitic transition of the SMA wire:

1.3
E(t) = Erest <243 — ﬁ> . (7.3)
1+e

The damping coefficient § is assumed to be constant over time. In our simulations, the
frequency of oscillation varies strongly with the bending stiffness, while the overshoot
and decay time varies more strongly with the damping coefficient.

Best-fit material parameter values for the cantilever SMA actuator are presented
in Table 1 in Appendix A, averaged over the six actuators and ten cycles of activation
each. Figure 8(b) shows snapshots of the cantilever DER simulation using average
parameter fits from actuator #1. In contrast to the snapshot data shown in Figure 7
where the rod does not have a constant curvature, the simulations in Figure 8(b) show
a rod where each node has the same curvature, based on the mean curvature parameter
fit from the experimental data. The temporal behavior of the mean curvature compares
favorably to the experimental measurements shown in Figure 7.

8 A Discrete Model for a Caterpillar-Inspired Soft Robot

The next model we consider is for the caterpillar-inspired soft robot shown in Figure
1. The PDER model for this robot is constructed using a straightforward variation
of the folding procedure presented in Section 6.2 (cf. Figure 5). Here, we consider a
series of ns interconnected PDER segments each containing n, nodes. Each segment
can be actuated to vary its intrinsic curvature and stiffness, as in the single-rod ex-
ample in the previous section. Within a single segment, we label the nodes in order as
j=0,1,...,n, — 1. The connection from segment k to segment k£ + 1 is such that the

n wnn v
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edge connecting nodes np—1 and n,—2 of the kth segment are bonded onto nodes n ¢
and ny + 1 of the (k + 1)th segment, where ny and n; are the number of extra nodes
forming forward-facing and rearward-facing foot-like extensions, respectively (cf. Fig-
ure 9(a) showing the case of ny = 0, ny, = 1). The end point of the foot structure will
sometimes contact the ground, giving rise to the frictional forces that enable locomo-
tion. Additionally, we add a passive spine PDER along the top of the structure that
holds the electronics and batteries to power and control the system. The spine rod has
one node per segment, such that node j — 1 of the spine is attached to a particular
node p of the jth segment.

In our simulations of the caterpillar PDER model, we use the same material pa-
rameters for the SMA actuator discussed in Section 7. The parameters for the time
series of intrinsic curvature and stiffness of the actuators are taken as the means of the
parameters over all measured actuators and actuation cycles. Inputs are based on a gait
developed for the experimental prototype shown in Figure 1. For both the hardware
robot and the simulation, control inputs are repeated with a period of 3.54 s, with a
1/3 period phase difference between neighboring segments, such that two actuators are
activated simultaneously in a wave from the back to the front of the robot. The full
list of material parameters for the SMA actuator segments and the passive spine rod
are collected in the Appendix.

For our simulations, we use ns = 6 segments with n, = 9 + ny +ny nodes per
segment for different combinations of ng,n, = {0,1}. The spine is attached at node
4+ ny for each segment, and neighboring segments are connected along a single edge,
such that nodes n, — 2 — ny and ny, — 1 — ny, of the kth segment correspond to nodes
ng and ny 4 1 of the (k 4 1)th segment (cf. Figure 9(a)).

The asymmetry of the foot-like structure (having one additional node below the
shared edge on the next rod) appears to be vital for locomotion, based on observations
of the physical prototype. In simulation, we investigated a range of different foot shapes,
varying the length of the forward and rearward extended foot edges while keeping
the total length of each segment constant. The foot shape with maximum horizontal
displacement after one complete gait cycle used ny = 0, n;, = 1 with the rearwards-
facing foot edge having length equal to the other edges. The displacement over time
for the hardware robot is compared to the simulations in Figure 9, and snapshots of
the maximum-displacement simulation are presented with corresponding images of the
hardware robot in Figure 10.

To compare locomotion performance, we measure the horizontal displacement of
the front foot (the last node of the last segment) and back foot (the first node of the
first segment). Over a single gait cycle of 3.54 s, the hardware robot has displacement
of 36.8 mm (front) and 38.0 mm (back). The best of the simulations has a horizontal
displacement of 26.7 mm (front) and 27.0 mm (back). The worst of the simulations
has displacement of only 6.9 mm (front) and 8.9 mm (back). Performance for a range
of foot shapes is presented in Figure 11. Although our highest displacement simulation
based on the material parameters measured in Section 7 has on average 28% lower
displacement compared to the hardware robot, we are encouraged that the complex
PDER model with many parameters is able to qualitatively track the motion of the
physical system. Through additional simulations with variations of the parameter val-
ues, we find that increasing the stiffness of the actuators by a factor of 20% yields a
displacement that is 6.7% greater than the hardware robot, illustrated in Appendix
A.6.
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Fig. 9: Locomotion performance of a PDER model for a caterpillar-inspired soft robot.
(a) Segment numbering of the model; (b) intrinsic curvature ko(t) of the segments as a
function of time and (c) Young’s moduli E(t) of the segments as a function of time; (d)
displacement of the front foot of the robot as a function of time; and (e) displacement
of the rear foot of the robot as a function of time. The displacements shown in (d) and
(e) are compared to the performance of the fabricated and actuated soft robot (hardware
robot). The highest displacement was attained with rear-facing feet configured as shown

in (a).

Our simulations suggest that the locomotion performance is highly sensitive to the
geometry of the connections between rods forming the feet that contact the ground,
to such an extent that small changes in the foot shape yield simulations with up to a
3.4 times difference in locomotion performance, as shown in Fig. 11. Comparisons of
the simulation results to video of the hardware prototype reveal a few key differences.
At the onset of activation, the hardware appears to generate higher forces than the
simulation, causing the caterpillar to leap forward at the start of each step. The shape
of the foot end of each segment affects the angle that the end of the rod touches the
ground. This observation is significant because forces arising due to change in intrinsic
curvature at the first node are normal to the first edge.

The connection of the spine also has a significant effect on the behavior of the
system. We investigated other attachment schemes, such as only attaching to the first
and last segments, but found that attaching to every segment achieved the best loco-
motion results. The one-node-per-segment attachment used in the simulation preserves
the primary function of the spine, which is to keep the segments from folding over on
each other. In the future, the PDER theory may be extended to model rod-on-rod
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Fig. 10: Locomotion performance of a caterpillar PDER model compared to a soft robot
prototype. Left: snapshots of the model from one full period of the gait cycle. Right:
images of the soft robot at corresponding times during a gait cycle. The snapshots are
taken from a supplemental video associated with this paper.
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Fig. 11: Locomotion performance of a caterpillar PDER model with varying foot shapes,
measured over a full 8.54 s gait cycle. (a) Heat map of the front foot displacement
(mm); and (b) heat map of the rear foot displacement. Forward-foot and rearward-foot
extensions are the length of forward-facing foot edges and rearward-facing foot edges,
respectively, as a fraction of the length of interior edges. The color scale (in mm) is
the same for both plots.
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surface contact with frictional and normal forces. Such an extension might provide a
more realistic simulation in certain situations.

9 Conclusions

In this paper, we have discussed the application of Bergou et al.’s discrete elastic rod
formulation to study and analyze the locomotion of soft robots. The robots of interest
are composed of long slender structures that are amenable to modeling using a rod
theory. To help facilitate use of the discrete rod formulation, the notion of folding a
straight rod is introduced so it can model a soft robot that has a tree-like architecture.
This folding strategy was also shown to include a strategy where segments of rods were
bonded together. We also showed how recent works on Lagrange’s equations of motion
for systems of particles can be exploited so as to confidently establish the equations
of motion for the discrete rod. Our main goal was to apply the discrete elastic rod
formulation to study the difficult problem of developing models for the locomotion of
soft robots. A representative example was presented to show the capabilities of the
formulation: a caterpillar-inspired soft robot fabricated from SMA actuators in series.
The presentation was supplemented by an extensive discussion of parameter estimation
and identification. To date, ours is one of the most detailed analysis of a locomoting soft
robots in the literature. It is straightforward to consider modeling other locomoting
soft robots using this formulation and we hope this paper inspires the soft robotics
community to explore the development of models of this type.

Acknowledgement

This research was partially supported by grant numbers W911NF-16-1-0148 (to CMU),
W911NF-16-1-0242 (to UCB), and W911NF-16-1-0244 (to UMD) from the U. S. Army
Research Organization. These grants are administered by Dr. Samuel C. Stanton. The
work of NNG was supported by a Berkeley Fellowship awarded by the University of
California, Berkeley and a National Defense Science and Engineering Graduate Fel-
lowship. The authors are grateful to three anonymous reviewers for their extensive
constructive critiques of an earlier draft of this paper.

Supplemental Material

Supplementary videos showing the segment actuation that was used to compute the
results shown in Figure 7 and the motion of the caterpillar-inspired robot in Figure
10(b) accompany this paper.

References

1. Audoly, B., Clauvelin, N.; Brun, P.T., Bergou, M., Grinspun, B., Wardetzky,
M.: A discrete geometric approach for simulating the dynamics of thin vis-
cous threads. Journal of Computational Physics 253, 18-49 (2013). URL
http://dx.doi.org/10.1016/j.jcp.2013.06.034


http://dx.doi.org/10.1016/j.jcp.2013.06.034

23

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

. Bartlett, M.D., Kazem, N., Powell-Palm, M.J., Huang, X., Sun, W., Malen, J.A., Majidi,

C.: High thermal conductivity in soft elastomers with elongated liquid metal inclusions.
Proceedings of the National Academy of Sciences p. 201616377 (2017)

. Bergou, M., Audoly, B., Vouga, E., Wardetzky, M., Grinspun, E.: Discrete viscous

threads. ACM Transactions on Graphics (SIGGRAPH) 29(4), 116:1-116:10 (2010). URL
http://dx.doi.org/10.1145/1778765.1778853

. Bergou, M., Wardetzky, M., Robinson, S., Audoly, B., Grinspun, E.: Discrete elastic

rods. ACM Transactions on Graphics (SIGGRAPH) 27(3), 63:1-63:12 (2008). URL
http://dx.doi.org/10.1145/1360612.1360662

. Bukowicki, M., Ekiel-Jezewska, M.L.: Different bending models predict different dy-

namics of sedimenting elastic trumbbells.  Soft Matter pp. 1-16 (2018). URL
http://dx.doi.org/10.1039/C8SMO0604K

. Casey, J.: Geometrical derivation of Lagrange’s equations for a system of particles. Amer-

ican Journal of Physics 62(9), 836-847 (1994). URL https://doi.org/10.1119/1.17470

. Chenevier, J., Gonzdlez, D., Aguado, J.V., Chinesta, F., Cueto, E.: Reduced-

order modeling of soft robots. PLOS ONE 13(2), 1-15 (2018). URL
https://doi.org/10.1371/journal.pone.0192052

. Connelly, R., Demaine, E.D., Rote, G.: Straightening polygonal arcs and con-

vexifying polygonal cycles. In: Foundations of Computer Science, 2000. Pro-
ceedings. 41st Annual Symposium on, pp. 432-442. IEEE (2000). URL
https://doi.org/10.1109/SFCS.2000.892131

. Daily-Diamond, C.A., Novelia, A., OReilly, O.M.: Dynamical analysis and development of

a biologically inspired SMA caterpillar robot. Bioinspiration & Biomimetics 12(5), 056,005
(2017). URL https://doi.org/10.1088/1748-3190/aa8472

Demaine, E.D., O’Rourke, J.: A survey of folding and wunfolding in computa-
tional geometry. In: J.E. Goodman, J. Pach, E. Welzl (eds.) Combinatorial
and Computational Geometry, Mathematical Sciences Research Institute Publica-
tions, vol. 52, pp. 167-211. Cambridge University Press, New York (2005). URL
http://library.msri.org/books/Book52/files/12dem. pdf

Duriez, C.: Control of elastic soft robots based on real-time finite element method. In:
2013 IEEE International Conference on Robotics and Automation, pp. 3982-3987 (2013).
DOI https://doi.org/10.1109/ICRA.2013.6631138

Duriez, C., Bieze, T.: Soft robot modeling, simulation and control in real-time. In:
C. Laschi, J. Rossiter, F. Iida, M. Cianchetti, L. Margheri (eds.) Soft Robotics: Trends,
Applications and Challenges, vol. 17, pp. 103-109. Springer, Cham, Switzerland (2017).
URL https://doi-org/10.1007/978-3-319-46460-2_13

Galloway, K.C., Becker, K.P., Phillips, B., Kirby, J., Licht, S., Tchernov, D., Wood, R.J.,
Gruber, D.F.: Soft robotic grippers for biological sampling on deep reefs. Soft Robotics
3(1), 23-33 (2016). URL https://doi.org/10.1089/soro0.2015.0019

Grazioso, S., Di Gironimo, G., Siciliano, B.: A geometrically exact model for soft continuum
robots: The finite element deformation space formulation. Soft Robotics 0(0), null (2019).
URL https://doi.org/10.1089/soro.2018.0047

Jawed, M.K., Novelia, A., O'Reilly O, M.: A Primer on the Kinematics of Discrete Elastic
Rods. SpringerBriefs in Applied Sciences and Technology. Springer-Verlag, New York
(2018). URL http://dx.doi.org/10.1007/978-3-319-76965-3

Laschi, C., Cianchetti, M., Mazzolai, B., Margheri, L., Follador, M., Dario, P.: Soft
robot arm inspired by the octopus. Advanced Robotics 26(7), 709-727 (2012). URL
http://dx.doi.org/10.1163/156855312X626343

Lenhart, W.J., Whitesides, S.H.: Reconfiguring closed polygonal chains in Euclideand-
space. Discrete and Computational Geometry 13(1), 123-140 (1995). URL
https://doi.org/10.1007/BF02574031

Lin, H.T., Leisk, G.G., Trimmer, B.A.: Gogbot: a caterpillar-inspired soft-
bodied rolling robot. Bioinspir. Biomim. 6(2), 026,007 (2011). URL
http://dx.doi.org/10.1088/1748-3182/6/2/026007

Linn, J., Drefller, K.: Discrete Cosserat rod models based on the difference geometry of
framed curves for interactive simulation of flexible cables. In: L. Ghezzi, D. Hémberg,
C. Landry (eds.) Math for the Digital Factory, Mathematics in Industry, vol. 27,
pp. 289-319. Springer International Publishing AG, Cham, Switzerland (2017). URL
https://doi.org/10.1007/978-3-319-63957-4_14

Lipson, H.: Challenges and opportunities for design, simulation, and fab-
rication of soft robots. Soft  Robotics 1(1), 21-27 (2014). URL
https://doi.org/10.1089/soro.2013.0007


http://dx.doi.org/10.1145/1778765.1778853
http://dx.doi.org/10.1145/1360612.1360662
http://dx.doi.org/10.1039/C8SM00604K
https://doi.org/10.1119/1.17470
https://doi.org/10.1371/journal.pone.0192052
https://doi.org/10.1109/SFCS.2000.892131
https://doi.org/10.1088/1748-3190/aa8472
http://library.msri.org/books/Book52/files/12dem.pdf
https://doi-org/10.1007/978-3-319-46460-2_13
https://doi.org/10.1089/soro.2015.0019
https://doi.org/10.1089/soro.2018.0047
http://dx.doi.org/10.1007/978-3-319-76965-3
http://dx.doi.org/10.1163/156855312X626343
https://doi.org/10.1007/BF02574031
http://dx.doi.org/10.1088/1748-3182/6/2/026007
https://doi.org/10.1007/978-3-319-63957-4_14
https://doi.org/10.1089/soro.2013.0007

24

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Loock, A., Schémer, E., Stadtwald, I.: A virtual environment for interactive assembly
simulation: From rigid bodies to deformable cables. In: 5th World Multiconference on
Systemics, Cybernetics and Informatics, pp. 325-332 (2001)

Lv, N., Liu, J., Ding, X., Liu, J., Lin, H., Ma, J.: Physically based real-time interactive
assembly simulation of cable harness. Journal of Manufacturing Systems 43(Part 3), 385—
399 (2017). URL https://doi.org/10.1016/j.jmsy.2017.02.001. Special Issue on the
12th International Conference on Frontiers of Design and Manufacturing

O’Reilly, O.M.: Intermediate Engineering Dynamics: A Unified Treatment of Newton-
Euler and Lagrangian Mechanics. Cambridge University Press, Cambridge (2008). URL
https://doi.org/10.1017/CB09780511791352

O’Reilly, O.M., Srinivasa, A.R.: A simple treatment of constraint forces and constraint
moments in the dynamics of rigid bodies. ASME Applied Mechanics Reviews 67(1),
014,801-014,801-8 (2014). URL http://dx.doi.org/10.1115/1.4028099

de Payrebrune, K.M., O’Reilly, O.M.: On constitutive relations for a rod-based model
of a pneu-net bending actuator. Extreme Mechanics Letters 8, 38-46 (2016). URL
http://dx.doi.org/10.1016/j.eml.2016.02.007

de Payrebrune, K.M., O’Reilly, O.M.: On the development of rod-based mod-
els for pneumatically actuated soft robot actuators a five-parameter con-
stitutive relation. Intl. J. Solids. Struct. 120, 226-235 (2017). URL
http://dx.doi.org/10.1016/j.ijsolstr.2017.05.003

Renda, F., Giorgio-Serchi, F., Boyer, F., Laschi, C., Dias, J., Senevuratne: A unified multi-
soft-body dynamic model for underwater soft robots. International Journal of Robotics
Research 37(6), 648-666 (2018). URL https://doi.org/10.1177/0278364918769992
Runge, G., Raatz, G.: A framework for the automated design and mod-
elling of soft robotic systems. CIRP Annals 66(1), 9-12 (2017). URL
https://doi.org/10.1016/j.cirp.2017.04.104

Seelecke, S., Muller, I.: Shape memory alloy actuators in smart structures: Modeling and
simulation. Applied Mechanics Reviews 57(1), 23-46 (2004)

Seok, S., Onal, C.D., Cho, K.J., Wood, R.J.,, Rus, D., Kim, S.: Mesh-
worm: a peristaltic soft robot with antagonistic nickel titanium coil actua-
tors. IEEE/ASME Transactions on Mechatronics 18(5), 1485-1497 (2013). URL
http://dx.doi.org/10.1109/TMECH. 20122204070

Synge, J.L., Griffith, B.A.: Principles of Mechanics, third edn. McGraw-Hill, New York
(1959)

Trimmer, B.A., Issberner, J.: Kinematics of soft-bodied, legged locomotion in Man-
duca sexta larvae. The Biological Bulletin 212(2), 130-142 (2007). URL
http://dx.doi.org/10.2307/25066590

Zhou, X., Majidi, C., O’Reilly, O.M.: Energy efficiency in friction-based locomotion mecha-
nisms for soft and hard robots: Slower can be faster. Nonlinear Dynamics 78(4), 2811-2821
(2014). URL http://dx.doi.org/10.1007/s11071-014-1627-3

Zhou, X., Majidi, C., O’Reilly, O.M.: Flexing into motion: A locomotion mechanism
for soft robots. International Journal of Non-Linear Mechanics 74, 7-17 (2015). URL
http://dx.doi.org/10.1016/j.ijnonlinmec.2015.03.001

Zhou, X., Majidi, C., O’Reilly, O.M.: Soft hands: An analysis of some gripping mechanisms
in soft robot design. International Journal of Solids and Structures 64—65, 155-165 (2015).
URL http://dx.doi.org/10.1016/j.ijsolstr.2015.03.021

A SMA Actuator Fabrication and Characterization

This appendix discusses the fabrication and characterization of the SMA actuators that are
modeled in this paper. The actuators were developed at the Soft Materials Laboratory (SML)
at Carnegie Mellon University (CMU) [2].

A.1 SMA Actuator Fabrication

The actuator is fabricated out of a U-shaped SMA wire (0.3048mm in diameter, Dynalloy)
that is sandwiched by one layer of pre-stretched thermal tape (H48-2, T-Global) and one layer
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(a) (b)

Fig. 12: Fabrication of an SMA actuator. (a) Thermal tape (40 x 18 x 0.5 mm) with
a layer of Ecoflex 00-30 (0.2mm) on top; (b) Top: thermal tape in (a) with a U-shape
SMA wire on top and sealed with a layer of Ecoflex 00-30 (0.4mm); Bottom: stretched
thermal tape (50%) with a layer of Ecoflex 00-30 on top (0.1mm); (c) two thermal
tapes (stretched and non-stretched) clamped together with binder clips; and (d) cut-out
naturally curled actuator.

of normal thermal tape (0.5mm in thickness, H48-2, T-Global). The layers are bonded with
a silicone elastomer (Ecoflex 00-30, Smooth-On). The SMA wire is bent into a loop that is
11mm in width and 34mm in length (see Figure 1).

First, the thermal tape is cut using a CO2 laser (30 W VLS 3.50; Universal Laser Systems)
into two rectangular pieces whose dimensions are 40 x 18mm and 80 X 50mm, respectively.
Next, the prepolymer part A and part B (Ecoflex 00-30, Smooth-On) are mixed using a 1:1
mass ratio in a planetary centrifugal mixer (AR-100, THINKY) with 30s mixing and 30s de-
gasification. We then apply a 0.2mm thick uncured Ecoflex on the smaller rectangular thermal
tape and make it half-cured at 50°C for 7 minutes. After placing the bent SMA wire on the
top side of the half-cured silicone layer, we then apply another layer of the uncured Ecoflex
00-30 silicone with a thickness of 0.4mm on top. At the same time, we apply a layer of uncured
Ecoflex 00-30 silicone with a thickness of 0.1mm on the upper side of the larger piece of thermal
tape that is stretched to 1.5 times of its original length using a linear stretcher (A150602-S1.5,
Velmex). Following these procedures, we put both tapes with the uncured Ecoflex 00-30 in
the oven and half-cure them at 50°C for 7 minutes and then clamp them together using two
binder clips. We then place the final assembly in the oven at 50°C for another 10 minutes so
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it is fully cured. The final step in the fabrication process is to cut out the actuator using the
outline of the smaller piece of thermal tape with a pair of scissors.

Fig. 13: SMA actuator fabricated showing (a) the unactuated or OFF state and (b) the
actuated or ON state that is achieved by passing an electric current through the shape
memory alloy wire. Image is reproduced from the authors’ earlier work [9].

A.2 SMA Actuator Parameters

A summary of the dimensions and material parameters for a single SMA actuator are recorded
in Table 1. The same parameters were used for the PDER model of the single cantilever rod,
and for each of the actuator segments in the caterpillar model. The moduli of the acutator are
obtained from JM medical 2

The spine of the caterpillar which holds the electronics and batteries has the following
properties in the caterpillar model: number of nodes 6, length 88.6 mm, width 27 mm, thickness
0.2 mm, Young’s modulus 2.43 GPa, mass 3 g plus six batteries of mass 2.45 g each for a total
of 17.7 g evenly distributed among the nodes.

A .3 Measurement of Coefficients of Friction

The static coefficient of friction ps between the thermally conductive tape and rubber is
characterized by varying the angle of the inclined plane that is covered by rubber with the
caterpillar robot sitting on top and recording the angle 8s when the robot starts to slip down
the incline. For the dynamic coefficient of friction ui, we give a slight push to the robot
and record the angle of inclination S when it starts slipping down at a steady speed. The
coefficients of friction are prescribed by the relations ps = tan (8s) and py = tan (8).

A .4 Measurements of Curvature

A variety of curvature measurements are used to characterize the evolution of curvature of
the SMA acuators. One set of measurements of curvature as a function of time and arc length
parameter s were discussed in Section 7. A second method, which gives a measure of the mean
curvature as a function of time, was also used.

For the mean curvature characterization, six actuators are actuated individually for ten
cycles with an actuation time of 0.15 s and a cooling time of 3.39 s in each cycle. This actuation
scheme is identical to the one used in the caterpillar-inspired robot in Section 8: each limb has
an actuation time of 0.15 s and a cooling time of 3.39s. The single actuators are also powered

2 http://jmmedical.com /resources/221/Nitinol-Technical-Properties.html#nitinol-physical-properties.
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parameter average + std. dev.
Measured Length (mm): 36.42 £ 0.47
Width (mm): 19.72 £ 0.32
Thickness (mm): 1.80 + 0.06
Mass (g): 2.31£0.10
Static coefficient of friction pns = 1.15
Kinetic coefficient of friction pr = 0.8

Logistic fit

KRrest (l/m)

—110.2231 +£ 7.0895

A (1/m) 88.9733 + 6.7709

T (8) 0.3023 £ 0.1214

to (s) 0.8676 4+ 0.1638
Dynamic fit Erest (MPa) 2.9586 + 0.6089

Damping coeff. § 0.0133 £ 0.0045
PDER model | Number of nodes n 10

Time step h (s) 0.001

Table 1: Measured actuator parameters and fitted model parameters based on average
curvature measurements for the cantilever rod discussed in Section 7, which are also
averaged over the six actuators. Each of the actuators were each subjected to ten
actuation cycles.

and controlled by the same batteries and circuits that used to drive the caterpillar robot. A
high-speed camera (GoPro 5) was used to record the actuation with a speed of 240 frames per
second. We then extract all the frames, and fit the shape of the actuator in each frame with a
circle using the Pratt method. The radius of the circle is the inverse of the mean curvature.

A.5 Displacement Tracking

To characterize the motion of the caterpillar-inspired robot, the horizontal (z) displacement of
the end points of the first and last actuators are tracked by the commercial software package
Tracker as the caterpillar locomotes.

A.6 Parameter variation in caterpillar PDER model

We tested the sensitivity of the caterpillar PDER model to variations in the actuator stiffness
and friction coefficients. Each simulation was run using the foot shape parameters found in Sec-
tion 8 that had the highest displacement, with all the same material parameter values except
for either the actuator stiffnesses or the friction coefficients, which were varied by a multiplica-
tive factor ranging from 0.75 to 1.25 in increments of 0.05. Figure 14 displays the displacement
versus the parameter multiplier for each of the trials. We found the highest displacement when
increasing the actuator stiffness parameters by a factor of 1.2, which surpassed the displace-
ment of the hardware robot when averaged between front and back foot. Displacement appears
to be positively correlated with increasing friction, however friction above a factor of 1.05 led
to chattering and numerical instability in the simulation and those results have been omitted
from the figure.
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Fig. 14: Locomotion performance of the caterpillar PDER model simulations with mul-

tiplicative variation in actuator stiffness (red) and friction coefficients (blue) compared
to the hardware robot (black line) over one 3.54 s gait cycle.
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