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This paper presents a hybrid flapping-glidingdynamicmodel for a flapping-wingunmanned
aerial vehicle (UAV). The model combines the nonlinear phugoid dynamics of gliding flight, the
equations of motion of the onboard servo motors, and an equivalent circuit discharge model for
the onboard battery. The resulting state-space representation relates the aerodynamic flight
performance to onboard energy utilization: the battery life is expended when the UAV flaps
and is preserved when the UAV glides. Flapping flight is described by the phugoid model aug-
mented to include thrust. An equivalent circuit model describes the onboard lithium-polymer
battery discharge behavior and resulting input into the platform’s servo motor actuators. The
model is illustrated via numerical simulations using parameter values based on the RoboRaven
experimental testbed. Performance of intermittent gliding-flapping behavior is evaluated in
terms of battery longevity and overall distance travelled.

I. Nomenclature

G = Horizontal position
I = Vertical position
\ = Flight path angle
a = Flight speed
Ω = Motor angular rate
�<>C = Motor current
/10C = Battery state-of-charge
+10C = Battery voltage
'10C = Battery discharge resistance
�10C = Battery current
&10C = Battery capacity
�� = Coefficient of drag
�!,6;834 = Gliding coefficient of lift
�!, 5 ;0? = Flapping coefficient of lift
�) = Coefficient of thrust
 � = Motor torque coefficient
1 = Motor damping coefficient
� = Motor moment of inertia
'<>C = Motor coil resistance
! = Motor inductance
 4< 5 = Electromotive force constant
 6 = Gear ratio
 ($� = State-of-charge constant
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II. Introduction

Novel applications for UnmannedAerial Vehicle (UAV) technologies are constantly expanding. UAVs are increasingly
being used in missions involving the management of resources or the preservation of human life, such as agricultural

monitoring and search and rescue missions. Many applications require more reliable and longer flights—often in
unstructured, dynamic environments. However, current UAV flight time is limited by onboard battery capacity and
weight. Though battery technology itself is progressing with increased capacity and lower weight, it remains a challenge
to ensure that the UAV is capable of achieving sufficient flight time.

Methods to address extending UAV flight time typically fall into one of two categories. The first category focuses on
improving battery chemistry, battery capacity, or system integration [1–3]. However, this approach is limited by current
battery-chemical technology and the addition of weight due to heavier components. The second methodology increases
flight efficiency by advantageously using atmospheric phenomena via energy-harvesting techniques. These methods,
which include static and dynamic soaring and intermittent gliding, are often bio-inspired [4–6]. Soaring and gliding
improve flight time and extend onboard battery life without requiring additional weight or battery capacity. Furthermore,
gliding is useful even in atmospheric conditions that lack features favorable for energy harvesting.

Flapping-wing UAVs have been developed for a variety of purposes, and an increasing number of them are able to
perform prolonged, untethered flight in dynamic environments. Examples include Delfly [7, 8], Batbot [9], and Robird
[10]. There are even insect-inspired varieties such as RoboBee [11] and a robotic dragonfly [12]. RoboRaven is a
servo-driven flapping-wing UAV with independent wing control capable of prolonged, outdoor flights [1, 2, 13–15].

This paper presents a hybrid state-space model of a UAV capable of gliding and flapping. The contributions are (1)
inclusion of thrust in the classical phugoid model of flight dynamics to represent a flapping vehicle; (2) combining
the flight-dynamics model with the equations of motion of the onboard motors and the battery discharge dynamics to
describe the overall system in state-space form; and (3) numerical evaluation of intermittent flapping-gliding behavior
using the quantitative performance metrics of battery endurance and flight distance. Ultimately, this modeling framework
will support the experimental demonstration of intermittent gliding techniques on the RoboRaven flapping-wing UAV.

The paper is organized as follows. Section III provides an overview of the phugoid model of a gliding vehicle, the
battery discharge model, and the RoboRaven experimental testbed. Section IV presents the state-space model combining
flight, motor, and battery dynamics and provides numerical illustrations. Section V quantifies performance as a function
of the gliding-to-flapping duty cycle. Section VI summarizes the paper and ongoing work.

III. Background
This section describes the phugoid model of flight dynamics, battery modeling via equivalent circuit theory, and the

RoboRaven flapping-wing UAV.

A. Phugoid Model of a Gliding Vehicle
Phugoid theory [16] is a mathematical representation of aircraft gliding and stall behavior. Phugoid dynamics arise

from examining the aircraft equations of motion in the longitudinal plane. Utilizing these dynamics makes it possible to
quantify and predict the flight path of an aircraft. Following [17], we derive a state-space representation based on the
forward flight speed and flight path angle of the aircraft.

Consider a point-mass model of an aircraft where \ is the flight path angle and the aircraft velocity is a1̂1 (see
Figure 1). Applying Newton’s second law yields

− <64̂2 − �3A06 1̂1 + �;8 5 C 1̂2 = <( ¤a1̂1 + a ¤\1̂2). (1)

Separating (1) into 1̂1 and 1̂2 components yields

< ¤a = −<6 sin \ − �3A06 (2)
<a ¤\ = −<6 cos \ + �;8 5 C . (3)

Assuming quadratic models for the forces of lift and drag, the state-space equations of motion are

¤a = −6 sin \ − ��a2 (4)

¤\ =
−6 cos \ + �!,6;834a2

a
, (5)
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Fig. 1 The forces and coordinates of the phugoid dynamics, after [17]

where �� and �!6;834 are the coefficients of drag and lift while gliding, respectively. These equations are augmented
with thrust to describe the flapping mode of flight in Section IV.

B. Battery Dynamic Modeling
Modeling a battery’s charging and discharging behavior is a complex process that depends on which aspects of the

battery are most relevant to the application. An equivalent circuit model describes battery behavior using elements
of electric circuits. Such models vary in complexity and accuracy and are, therefore, widely applicable for modeling
systems that regard the battery as an integral component.

Figure 2 illustrates an idealized model of battery discharge behavior that uses a Thévenin equivalent circuit with
resistance '10C to describe the internal battery resistance during discharge [18]. Let +10C denote the battery discharge

Rbat Ibat

+

-

VbatVOC

Fig. 2 The equivalent circuit model for battery discharge
[18]

voltage and �10C the discharge current. Applying Kirchoff’s law to the circuit yields

+10C = +$� − '10C �10C , (6)

where +$� represents the open circuit voltage.
When modeling simple batteries, VOC is approximately equal to the battery’s state of charge (SOC). However, when

modeling more complex battery systems, the relationship between VOC and SOC might be nonlinear [19, 20], e.g.,
polynomial or exponential [21, 22]. SOC tracks the remaining charge in the battery in order to describe the amount of
power being supplied and is often represented as a percentage of the fully charged state. There exist a variety of methods
by which a battery’s SOC is tracked. One of the most widely used is the Coulomb counting method [15, 23, 24], in
which SOC is represented as the integral of the time-varying current �10C (C) over the battery’s capacity &10C , i.e.,

($� (C) = ($� (0) −
∫ C

0

�10C (g)
&10C

3g. (7)
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There are many methods by which an equivalent circuit model can be refined to describe more complex battery
systems more accurately. One method of increasing the model’s complexity is to increase the order of the Thévenin
circuit by adding RC circuit elements to capture the long-term and short-term transient behavior inherent in lithium
batteries during discharge [21]. In the following section, we improve model accuracy by varying the battery resistance
'10C as an exponential function of SOC [15, 21] in order to capture the relationship between the battery’s discharge
behavior and the internal resistance’s decay curve.

C. RoboRaven Experimental Testbed
RoboRaven is a servo-driven flapping-wing UAV with independent wing control capable of prolonged, outdoor

flight [1, 2, 13–15]. This platform, developed in collaboration between researchers at the University of Maryland
and the University of Southern California, is an adaptable and controllable aerial vehicle. The original RoboRaven
design has been extended to accommodate larger wing sizes [13], autonomous flight [14], solar-energy capture [2], and
flexible battery integration [1]. Prior work on system modeling of the onboard servos and lipo-batteries [15] developed
governing equations using a Thévenin equivalent and run-time circuit method [21]. Experimental data was used to fit
and validate the equivalent circuit model and servo components with low error.

Fig. 3 RoboRaven is a flapping wing UAV developed at the University of Maryland [25].

RoboRaven is also capable of operating as a mixed-mode flapping-wing UAV [25], using the addition of rear
propellers to increase payload capacity and maneuverability. The addition of propellers also enables the platform to
reach even higher altitudes and speeds. (The study of propeller-aided flight is outside the scope of this paper and is the
subject of ongoing and future analysis.) Instead we assume the thrust is generated solely by wing flapping and, therefore,
scales with the square of flapping frequency [25]. Flapping-wing UAVs are uniquely suited to improve flight longevity
through periodic gliding as described next.

IV. Hybrid Gliding-Flapping Dynamics
This section combines the state-space model of the phugoid dynamics, the battery discharge model during the

flapping phase, and the corresponding motor dynamics to describe onboard energy utilization during intermittent
flapping-gliding behavior. Two state-space models were used, one that describes the platform’s gliding behavior using
the phugoid model (4–5) and another that adapts the phugoid model to describe flapping behavior. For the flapping
mode, the lift coefficient is decreased as compared to gliding. In addition, the phugoid model (4–5) is augmented
to include thrust generated during the flapping mode [25]. Thrust is proportional to the square of the wing-flapping
frequency, which is related to the motor angular rate of rotation by the gear ratio  6. Let �) denote the coefficient of
thrust. During flapping flight, (4) becomes

¤a = −6 sin \ − ��a2 + �)
 2
6

Ω2. (8)

Assume the onboard servos are a common electro-mechanical motor whose dynamics are described by a resistor-
inductor circuit with backwards electromotive force (EMF). Back EMF relates the motor’s angular velocity to the

4



internal current. Let  � denote the motor torque coefficient, 1 the motor damping coefficient, � the motor moment of
inertia, and the last term denotes the load torque. The dynamics of the motor angular rate arise from Euler’s second law,
i.e.,

¤Ω =  �
�
�<>C −

1

 2
6�
Ω − 1

�
Ω. (9)

The corresponding dynamics for the motor current from Kirchoff’s law are

¤�<>C =
1
!
+10C −

'<>C

!
�<>C −

 4< 5

!
Ω (10)

where '<>C is the motor coil resistance, ! the motor inductance, and  4< 5 the electromotive force constant. Finally,
because the direction of current in the motor coils is the opposite of the direction in the battery, let �10C = −�<>C .

The onboard lithium-polymer battery is modeled by differentiating the equivalent circuit model (6) and the Coulumb
counting model (7) with respect to time, assuming '10C = '10C (C) and +$� = ($� = /10C ∈ [0, 1] are state variables.
Following [18, 21], '10C is an exponential function of /10C given by

'10C = '10C (0) (1 − 4 ($�/10C ), (11)

which implies
¤'10C = −'10C (0) ($�4 ($�/10C ¤/10C . (12)

Figure 4 illustrates the effect of the parameter  ($� < 0 on the battery discharge behavior, where '10C (0) = 0.036.
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Fig. 4 The effect of  ($� on the battery resistance '10C
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The equations of motion combining the flight, motor, and battery dynamics during the flapping phase are

¤G = a cos \ (13)
¤I = a sin \ (14)

¤\ =
−6 cos \ + �!, 5 ;0?a2

a
(15)

¤a = −6 sin \ − ��a2 + �)
 2
6

Ω2 (16)

¤Ω =
 �

�
�<>C −

1

 2
6�
Ω − 1

�
Ω (17)

¤�<>C =
1
!
+10C −

'<>C

!
�<>C −

 4< 5

!
Ω = − ¤�10C (18)

¤/10C = − �10C
&10C

(19)

¤'10C = −'10C (0) ($�4 ($�/10C ¤/10C (20)
¤+10C = ¤/10C − '10C ¤�10C − ¤'10C �10C (21)

When the platform is gliding, the battery and motor dynamics are disengaged and the state-space equations revert to
the original phugoid model (4-5). Tables 1 and 2 list the model variables and parameters, respectively. Some parameters,
such as the battery’s initial resistance '10C (0) and the gear ratio  6, were determined experimentally.

State Description Units Initial Value
G Horizontal position m 0
I Vertical position m 2
\ Flight path angle rad 0
a Flight speed m/sec 7.4
Ω Motor angular rate rad/sec 0
�<>C Motor current A 1
/10C Battery SOC N/A 1
'10C Battery internal resistance ohms 0.036
+10C Battery voltage V 8.5

Table 1 State variables of the combined flight, motor, and battery dynamical system

Figure 5 depicts a numerical simulation of the state-space system (13–21) for the flapping mode using initial
conditions and parameters in Table 1 and 2. The battery discharged over time as the servos consume energy. The flight
path is parabolic, because the vehicle gained altitude only when the motor angular rate was sufficiently high. As the
battery voltage dropped, the motor angular rate decreased and the vehicle descended even while flapping. /10C was
normalized to fit in the range [0,1]. The impact of implementing an intermittent gliding duty cycle on battery longevity
and flight endurance is examined next.

V. Glide Cycle Design and Performance Analysis
Natural flyers utilize a variety of intermittent flight modalities based upon constraints such as atmospheric conditions,

energy level, and altitude. This section describes simulations that test the effects of intermittent flapping on flight
longevity. To evaluate the performance of intermittent gliding and flapping, we considered battery endurance and the
effective flight distance. Even though the shut-off voltage of the RoboRaven battery is 5V [15], the vehicle gains altitude
while flapping only when the battery voltage exceeds 6V. Therefore, battery endurance was defined as the duration of
time the battery provides 6V or more. Furthermore, the platform should maintain a minimum height during flight. The
effective flight distance is the horizontal distance traveled while remaining higher than the initial altitude.
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Parameter Description Units Value
�� Coefficient of drag N/A 0.1–0.5

�!, 5 ;0? Coefficient of lift during flapping N/A 0.5–1
�!,6;834 Coefficient of lift during gliding N/A 1–2
�) Coefficient of thrust N/A 386.4
6 gravity m/sec2 9.81

 4< 5 Electromotive force constant V/rad/sec 0.4
1 Motor damping coefficient N·m·sec 0.5–0.2
 6 Gear ratio N/A 169.87
� Moment of inertia kg·m2 0.01
! Motor inductance H 0.01

'<>C Motor coil resistance Ohms 0.5–0.2
 � Motor torque coefficient N·m/A 1.63
'8=8C Battery discharge resistance Ohms 0.036
&10C Battery capacity A·sec 1332
 ($� Resistance parameter N/A -(2–5)

Table 2 Parameters of the combined flight, motor, and battery dynamical system
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Fig. 5 Model simulation in flapping mode: (a) longitudinal dynamics; (b) angular rate and flight speed; and
(c) onboard energy usage.

The intermittent flapping modality is characterized by the amount of time the platform stays in the flapping or
gliding stages, i.e., the duty cycle. The duty cycle can be symmetric, i.e., time spent flapping or gliding is the same, or
asymmetric. Both symmetric and asymmetric duty cycles were tested to determine their respective effects on the model.
Duty cycles were measured in seconds as shown in Table 3.

The simulation results indicate a universal increase in battery endurance and flight distance when intermittent
gliding is used. Figure 6 shows a 10-second symmetric duty cycle simulation, and Figure 7 shows the longitudinal
dynamics for a chosen series of duty cycles. Furthermore, the tabulated results shown in Figure 8 show that duty cycles
with longer periods of gliding (both asymmetric and symmetric) yield the most improvement in the performance metrics
compared to the nominal case of all flapping. Specifically, the two asymmetric duty cycles with the longest gliding and
shortest flapping times (30-10 and 20-10) performed the best in improving the performance metrics.

VI. Conclusion
This paper presents a state-space model describing intermittent flapping and gliding behavior of a flapping wing

unmanned aerial vehicle by combining the phugoid model of flight dynamics, an electro-mechanical motor model, and a
Thévenin equivalent battery model. The state-space representation directly relates the gliding-flapping performance of
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Duty Cycles (glide - flap)
10 - 10
20 - 20
30 - 30
10 - 20
10 - 30
20 - 10
30 - 10

Table 3 Duty cycles for the simulated experiments (seconds)
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Fig. 6 Model simulation with a 10-10 second duty cycle: (a) longitudinal dynamics; (b) angular rate and flight
speed; and (c) onboard energy usage.

the platform to the onboard energy utilization. Numerical simulations show that all of the chosen intermittent glide
cycles increased the battery endurance and flight distance. In ongoing and future work, the model will be revised
to include propeller-driven flight and higher fidelity battery dynamics. The numerical model will also be validated
experimentally via a test stand and outdoor flight tests using the RoboRaven platform.
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