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Quadrotors show promise for a wide variety of outdoor missions, but struggle to fly reliably
in windy conditions. This problem is partially addressed in this work by implementing custom
flow probes on a quadrotor for flow-aware feedback control. The aerodynamic forces and
moments resulting from wind interactions are modeled and incorporated into the quadrotor
dynamics. Wind velocity data from the flow probes is fed back into a nonlinear feedback
controller that guarantees stability under windy conditions and in the presence of thrust con-
straints. Experimental testing with motion capture in a gust-generation facility demonstrates
the benefits of flow feedback for flight control in unsteady winds.

I. Nomenclature

Af = quadrotor frontal area, m2

CD = quadrotor body drag coefficient
Clα = airfoil lift slope, 1/rad
Iβ = blade moment of inertia, kgm2

J = quadrotor moment of inertia matrix, kgm2

Mβ = scaled aerodynamic moment on blade
Nb = number of blades per rotor
Nr = number of rotors
Nβ = blade static moment, kgm
V∞ = wind velocity, m/s
Vprobe = wind velocity measured by flow probe, m/s
Xprobe = flow probe position, m
c = blade chord, m
cm = coefficient of thrust to torque, N/Nm
e = blade hinge offset, m
kλx = Glauert longitudinal inflow gradient
` = quadrotor cross beam length, m
m = quadrotor mass, kg
mm = motor mass, kg
m` = cross beam mass, kg
r = displacement along the length of the blade, m
r ′ = non-dimensional displacement along the length of the blade
r̄ = rotor blade length, m
∆V∞ = velocity of wind relative to quadrotor, m/s
Ψ = configuration error function
αe f f = effective angle of attack, rad
αgeo = geometric angle of attack, rad
αind = induced angle of attack, rad
β = blade flap angle, rad
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β0 = blade coning angle, rad
β1c = longitudinal blade flapping angle, rad
β1s = lateral blade flapping angle, rad
βmax = maximum blade flap angle, rad
γ = Lock number
θ0 = blade root angle of attack, rad
θtw = linear blade twist, rad
λ0 = average inflow ratio
λi = linear inflow ratio
µ = quadrotor advance ratio
ν = quadrotor input moment, Nm
νβ = blade scaled natural frequency
ρ = density of air, kg/m3

φD = blade-flapping azimuthal phase delay, rad
ψβ = blade azimuth angle, rad
ω j = angular speed of rotor j, rad/s

II. Introduction

Quadrotor unmanned aerial systems (UAS) are becoming powerful tools for both commercial and military
applications. Their utility has already been demonstrated in missions such as surveying farmland and aiding in

natural disasters [1, 2]. As they continue to prove their effectiveness in relatively predictable environments, work is
ongoing to extend their mission capability, including sensing and perception for unknown environments [3–5], aerobatic
behavior [6, 7], hardware failures [8], and transportation of suspended loads [9, 10]. A lingering challenge is flight
stability in wind gusts. In this work, we use a model of the aerodynamic interaction between the propellers and wind
paired with onboard flow sensing and feedback control to improve the stability of quadrotors in unsteady winds, with
the long-term goal of allowing for reliable outdoor flight in windy conditions.

The aerodynamic interaction of quadrotor propellers with wind is modeled using the blade-flapping phenomena
more commonly associated with full-size single-main-rotor helicopters [11]. When a helicopter flies forward, one side
of the rotor advances into the oncoming free-stream velocity, while the other side retreats from the free-stream velocity,
which leads to an increase in dynamic pressure and lift on the advancing side and a decrease in dynamic pressure and
lift on the retreating side. The dissymmetry of lift yields a moment on the rotor blades that causes the blades to flap
out of the plane of the hub, tilting the rotor plane and imparting a moment on the hub. Many quadrotors ignore the
blade-flapping phenomena while maintaining acceptable performance [6, 7, 12, 13]. However, to improve performance
in unsteady winds by use of feedback control we seek an accurate model of the aerodynamic interactions, allowing the
controller to address the wind gusts directly rather than using an uncertainty block characteristic of robust control [14].

The feedback controller described here relies on onboard flow measurements from multi-hole probes to estimate
the aerodynamic forces and moments on the quadrotor. By using flow measurements as well as inertial sensing, the
controller can react to the wind before the resulting moment has propagated to the quadrotor’s dynamics, which yields
benefits compared to relying on inertial sensing alone. Work validating the benefit of flow feedback was performed in
[15] for a one degree-of-freedom pitching test stand, and in [16] for a three degree-of-freedom attitude test stand. The
flow sensor package consists of fore and aft, and left and right facing probe pairs connected to a microcontroller unit
through flexible tubing [4]. The microcontroller measures pairwise differential pressure, and transmits a digital signal to
the flight controller corresponding to the horizontal wind components in the body frame.

The specific flight controller on which we build our flow-feedback design uses feedback linearization on the
geometric Lie group SE(3) following [17], with the addition of thrust constraints. Compared to other quadrotor control
approaches, such as PID [18, 19], robust [14, 20], adaptive [7, 21], and optimal [22] control, feedback linearization
allows the controller to cancel the aerodynamic terms directly. Developing the controller on SE(3), which is a compact
set representing the configuration space of the orientation and position of a rigid body, avoids the singularities associated
with Euler angles and allows for potentially global solutions.

In order to establish stability guarantees for the feedback-linearization controller, we require that the thrust does
not saturate. Cao and Lynch [18] and Roza and Maggiore [23] approach thrust saturation using the nested saturation
method from Teel [24], which is designed to address saturation in the case of a chain of integrators. Cao and Lynch [18]
bound the roll and pitch angles of the system as well as the thrust by placing limits on system inputs, whereas Roza and
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Maggiore [23] place the bound on thrust only. Cutler and How [19] address saturation by choosing a trajectory that
keeps the system states within the bounds required to avoid thrust saturation. This paper uses the method of Pappas
et al. [25] to bound the thrust on the system in order to guarantee stability when the cost of feedback linearization does
not saturate the thrust.

The contributions of this paper are (1) a nonlinear, feedback-linearizing attitude and position controller on SE(3)
using flow sensing and accounting for saturated thrust inputs; and (2) an experimental demonstration of the benefit
of flow probes on a quadrotor, including an assessment of the relative merits of adding flow sensing to the vehicle
controller versus using inertial feedback alone. This paper extends the three degree-of-freedom attitude-only control in
[16] to a six degree-of-freedom free-flight quadrotor.

The outline of the paper is as follows. Section III details the six degree-of-freedom rigid-body dynamics of
the quadrotor vehicle, the blade-flapping dynamics resulting from aerodynamic interactions between the propellers
and wind, and the inner-loop attitude controller. Section IV describes the outer-loop position controller and shows
exponential stability of the complete system. Section V describes the experimental system and shows results from a six
degree-of-freedom quadrotor subject to a series of gusts. Section VI summarizes the paper and discusses ongoing work.

III. Quadrotor Dynamics in Wind

A. Rigid-Body Dynamics
This work investigates attitude and position control of a quadrotor in six degree-of-freedom (DOF) flight. Define

inertial reference frame I , (O, e1, e2, e3) in an east, north, up orientation and body reference frameB , (O′, b1, b2, b3)
in a forward, left, up orientation. Let the position of the center of mass O′ of the quadrotor relative to an inertial reference
frame be given by x ∈ R3, and let the orientation of the quadrotor relative to the inertial frame be represented by the
rotation matrix R ∈ SO(3). The full system state of the quadrotor is represented by x × R ∈ SE(3). The translational
velocity of the quadrotor relative to the inertial frame is v, and the angular velocity of the quadrotor relative to the
inertial frame is Ω = [p, q, r]T . We use bold capital letter notation for vectors in body frame components, lowercase
bold letters for vectors in inertial components, a B superscript for a body-frame derivative, and no superscript to indicate
inertial-frame derivatives. Using rigid-body kinematics and Euler’s laws, the translational and rotational dynamics are

ẋ = v
mv̇ = −mge3 + fthrust + faero

Ṙ = RΩ̂

JΩ̇ = −Ω̂JΩ +Mthrust +Maero,

(1)

where m is the mass of the quadrotor, g is the gravitational force, fthrust = f thrustb3 is the total thrust generated by the
vehicle, and faero is the aerodynamic drag force on the vehicle from both the propellers’ induced drag and the drag on
the body. J is the moment of inertia matrix, which is diagonal due to the symmetry of the quadrotor. Moment Mthrust

is due to propeller thrusts andMaero is the aerodynamic moment due to interaction between the rotors and the wind.
(The wedge operator ∧ converts a vector in R3 to a 3 × 3 skew symmetric matrix, which can also be used to represent a
cross product, such that for any vectors x and y in R3, x̂y = x × y. The vee operator ∨ transforms a skew-symmetric
matrix to a vector in R3.)

The quadrotor vehicle is modeled as two perpendicular uniform beams of length ` attached at their centers to create
four arms, with one rotor located at the end of each arm, as in Fig. 1. Rotors are located at position db3 above each arm,
where d � `/2. The moment of inertia is J = diag{m``

2/12 + 2mm`
2,m``

2/12 + 2mm`
2,m``

2/6 + 4mm`
2}, where

m` is the mass of each cross beam of the quadrotor, ` is the length of each cross beam, and mm is the mass of each
motor. Rotors are assumed to spin about the b3 axis, with rotation directions shown in Fig. 1. This choice of rotor
rotational directions result in a net zero torque in the b3 direction under nominal conditions with each rotor operating at
the same speed and no outside aerodynamic forces.

Thrust forces and moments on the vehicle are a result of the spinning rotors, each of which produces a thrust and a
corresponding torque in the direction opposite its rotation. The blades are set up in counter-rotating pairs, leading to
cancellation of the component of the aerodynamic momentMaero along the u1-axis, where u1 describes the direction
of the wind in the plane of the hub and u3 = b3. The wind components in the body frame are measured by a multi-hole
probe [4], which allows us to find the moment on the rotors from the identification of the phase delay φD and the
magnitude βmax of the angle of maximum flapping.
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<latexit sha1_base64="YzO27mFsGmFgezLVP0lInQKECjo=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroaZWrDLohuXFewF2qFk0kwbmskMyYlYhr6GGxeKuPVl3Pk2ZnoBFT0Q8vH/55CTP0wF1+B5n05hbX1jc6u4XdrZ3ds/KB8etXViFGUtmohEdUOimeCStYCDYN1UMRKHgnXCyXXud+6Z0jyRdzBNWRCTkeQRpwSs1O8De4AwysxscDEoVzy37uWFPbe2guoCfHd+exW0rOag/NEfJtTETAIVROue76UQZEQBp4LNSn2jWUrohIxYz6IkMdNBNt95hs+sMsRRouyRgOfq94mMxFpP49B2xgTG+reXi395PQNRPci4TA0wSRcPRUZgSHAeAB5yxSiIqQVCFbe7YjomilCwMZVsCKuf4v+hXXV9y7e1SuNqGUcRnaBTdI58dIka6AY1UQtRlKJH9IxeHOM8Oa/O26K14CxnjtGPct6/AGc7keg=</latexit><latexit sha1_base64="YzO27mFsGmFgezLVP0lInQKECjo=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroaZWrDLohuXFewF2qFk0kwbmskMyYlYhr6GGxeKuPVl3Pk2ZnoBFT0Q8vH/55CTP0wF1+B5n05hbX1jc6u4XdrZ3ds/KB8etXViFGUtmohEdUOimeCStYCDYN1UMRKHgnXCyXXud+6Z0jyRdzBNWRCTkeQRpwSs1O8De4AwysxscDEoVzy37uWFPbe2guoCfHd+exW0rOag/NEfJtTETAIVROue76UQZEQBp4LNSn2jWUrohIxYz6IkMdNBNt95hs+sMsRRouyRgOfq94mMxFpP49B2xgTG+reXi395PQNRPci4TA0wSRcPRUZgSHAeAB5yxSiIqQVCFbe7YjomilCwMZVsCKuf4v+hXXV9y7e1SuNqGUcRnaBTdI58dIka6AY1UQtRlKJH9IxeHOM8Oa/O26K14CxnjtGPct6/AGc7keg=</latexit><latexit sha1_base64="YzO27mFsGmFgezLVP0lInQKECjo=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroaZWrDLohuXFewF2qFk0kwbmskMyYlYhr6GGxeKuPVl3Pk2ZnoBFT0Q8vH/55CTP0wF1+B5n05hbX1jc6u4XdrZ3ds/KB8etXViFGUtmohEdUOimeCStYCDYN1UMRKHgnXCyXXud+6Z0jyRdzBNWRCTkeQRpwSs1O8De4AwysxscDEoVzy37uWFPbe2guoCfHd+exW0rOag/NEfJtTETAIVROue76UQZEQBp4LNSn2jWUrohIxYz6IkMdNBNt95hs+sMsRRouyRgOfq94mMxFpP49B2xgTG+reXi395PQNRPci4TA0wSRcPRUZgSHAeAB5yxSiIqQVCFbe7YjomilCwMZVsCKuf4v+hXXV9y7e1SuNqGUcRnaBTdI58dIka6AY1UQtRlKJH9IxeHOM8Oa/O26K14CxnjtGPct6/AGc7keg=</latexit><latexit sha1_base64="YzO27mFsGmFgezLVP0lInQKECjo=">AAAB83icdZDLSgMxFIYz9VbrrerSTbAIroaZWrDLohuXFewF2qFk0kwbmskMyYlYhr6GGxeKuPVl3Pk2ZnoBFT0Q8vH/55CTP0wF1+B5n05hbX1jc6u4XdrZ3ds/KB8etXViFGUtmohEdUOimeCStYCDYN1UMRKHgnXCyXXud+6Z0jyRdzBNWRCTkeQRpwSs1O8De4AwysxscDEoVzy37uWFPbe2guoCfHd+exW0rOag/NEfJtTETAIVROue76UQZEQBp4LNSn2jWUrohIxYz6IkMdNBNt95hs+sMsRRouyRgOfq94mMxFpP49B2xgTG+reXi395PQNRPci4TA0wSRcPRUZgSHAeAB5yxSiIqQVCFbe7YjomilCwMZVsCKuf4v+hXXV9y7e1SuNqGUcRnaBTdI58dIka6AY1UQtRlKJH9IxeHOM8Oa/O26K14CxnjtGPct6/AGc7keg=</latexit>

b3 =
<latexit sha1_base64="nj49P+kzxUjGn0zU9RJijtfBgrc=">AAAB+HicbZDLSgNBEEV74ivGR6Iu3TQGwVWYUUE3QtCNywjmAckw9HRqkiY9D7prxDjkS9y4UMStn+LOv7GTzEITLzQcblVR1ddPpNBo299WYWV1bX2juFna2t7ZLVf29ls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj26m9fYDKC3i6B7HCbghG0QiEJyhsbxKuYfwiH6Q+RPvjF5Rr1K1a/ZMdBmcHKokV8OrfPX6MU9DiJBLpnXXsRN0M6ZQcAmTUi/VkDA+YgPoGoxYCNrNZodP6LFx+jSIlXkR0pn7eyJjodbj0DedIcOhXqxNzf9q3RSDSzcTUZIiRHy+KEglxZhOU6B9oYCjHBtgXAlzK+VDphhHk1XJhOAsfnkZWqc1x/DdebV+ncdRJIfkiJwQh1yQOrklDdIknKTkmbySN+vJerHerY95a8HKZw7IH1mfP+jCkpM=</latexit><latexit sha1_base64="nj49P+kzxUjGn0zU9RJijtfBgrc=">AAAB+HicbZDLSgNBEEV74ivGR6Iu3TQGwVWYUUE3QtCNywjmAckw9HRqkiY9D7prxDjkS9y4UMStn+LOv7GTzEITLzQcblVR1ddPpNBo299WYWV1bX2juFna2t7ZLVf29ls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj26m9fYDKC3i6B7HCbghG0QiEJyhsbxKuYfwiH6Q+RPvjF5Rr1K1a/ZMdBmcHKokV8OrfPX6MU9DiJBLpnXXsRN0M6ZQcAmTUi/VkDA+YgPoGoxYCNrNZodP6LFx+jSIlXkR0pn7eyJjodbj0DedIcOhXqxNzf9q3RSDSzcTUZIiRHy+KEglxZhOU6B9oYCjHBtgXAlzK+VDphhHk1XJhOAsfnkZWqc1x/DdebV+ncdRJIfkiJwQh1yQOrklDdIknKTkmbySN+vJerHerY95a8HKZw7IH1mfP+jCkpM=</latexit><latexit sha1_base64="nj49P+kzxUjGn0zU9RJijtfBgrc=">AAAB+HicbZDLSgNBEEV74ivGR6Iu3TQGwVWYUUE3QtCNywjmAckw9HRqkiY9D7prxDjkS9y4UMStn+LOv7GTzEITLzQcblVR1ddPpNBo299WYWV1bX2juFna2t7ZLVf29ls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj26m9fYDKC3i6B7HCbghG0QiEJyhsbxKuYfwiH6Q+RPvjF5Rr1K1a/ZMdBmcHKokV8OrfPX6MU9DiJBLpnXXsRN0M6ZQcAmTUi/VkDA+YgPoGoxYCNrNZodP6LFx+jSIlXkR0pn7eyJjodbj0DedIcOhXqxNzf9q3RSDSzcTUZIiRHy+KEglxZhOU6B9oYCjHBtgXAlzK+VDphhHk1XJhOAsfnkZWqc1x/DdebV+ncdRJIfkiJwQh1yQOrklDdIknKTkmbySN+vJerHerY95a8HKZw7IH1mfP+jCkpM=</latexit><latexit sha1_base64="nj49P+kzxUjGn0zU9RJijtfBgrc=">AAAB+HicbZDLSgNBEEV74ivGR6Iu3TQGwVWYUUE3QtCNywjmAckw9HRqkiY9D7prxDjkS9y4UMStn+LOv7GTzEITLzQcblVR1ddPpNBo299WYWV1bX2juFna2t7ZLVf29ls6ThWHJo9lrDo+0yBFBE0UKKGTKGChL6Htj26m9fYDKC3i6B7HCbghG0QiEJyhsbxKuYfwiH6Q+RPvjF5Rr1K1a/ZMdBmcHKokV8OrfPX6MU9DiJBLpnXXsRN0M6ZQcAmTUi/VkDA+YgPoGoxYCNrNZodP6LFx+jSIlXkR0pn7eyJjodbj0DedIcOhXqxNzf9q3RSDSzcTUZIiRHy+KEglxZhOU6B9oYCjHBtgXAlzK+VDphhHk1XJhOAsfnkZWqc1x/DdebV+ncdRJIfkiJwQh1yQOrklDdIknKTkmbySN+vJerHerY95a8HKZw7IH1mfP+jCkpM=</latexit>

b1
<latexit sha1_base64="b/0xvH4nRajB9d4T1BXrgh+XvZM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKA+nfa9frbl1dy6yCl4BNSjU7Fe//EHCspgrZJIa0/PcFIOcahRM8mnFzwxPKRvTIe9ZVDTmJsjnN0/JmXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWJD8Ja/vArti7pn+f6y1rgp4ijDCZzCOXhwBQ24gya0gEEKz/AKb07mvDjvzseiteQUM8fwR87nDzKSkcU=</latexit><latexit sha1_base64="b/0xvH4nRajB9d4T1BXrgh+XvZM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKA+nfa9frbl1dy6yCl4BNSjU7Fe//EHCspgrZJIa0/PcFIOcahRM8mnFzwxPKRvTIe9ZVDTmJsjnN0/JmXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWJD8Ja/vArti7pn+f6y1rgp4ijDCZzCOXhwBQ24gya0gEEKz/AKb07mvDjvzseiteQUM8fwR87nDzKSkcU=</latexit><latexit sha1_base64="b/0xvH4nRajB9d4T1BXrgh+XvZM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKA+nfa9frbl1dy6yCl4BNSjU7Fe//EHCspgrZJIa0/PcFIOcahRM8mnFzwxPKRvTIe9ZVDTmJsjnN0/JmXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWJD8Ja/vArti7pn+f6y1rgp4ijDCZzCOXhwBQ24gya0gEEKz/AKb07mvDjvzseiteQUM8fwR87nDzKSkcU=</latexit><latexit sha1_base64="b/0xvH4nRajB9d4T1BXrgh+XvZM=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WzC7kQsoX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7ezeueRayMS9YCTlAcxHSoRCUbRWr6P/AnDKA+nfa9frbl1dy6yCl4BNSjU7Fe//EHCspgrZJIa0/PcFIOcahRM8mnFzwxPKRvTIe9ZVDTmJsjnN0/JmXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWJD8Ja/vArti7pn+f6y1rgp4ijDCZzCOXhwBQ24gya0gEEKz/AKb07mvDjvzseiteQUM8fwR87nDzKSkcU=</latexit>

b2
<latexit sha1_base64="4tBeD/bv9Cv7d4pnLztYV1C8Bdw=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYD+gCWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vrCwsM7M8zsG6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49tZvfPItRGJesBJyoOYDpWIBKNoLd9H/oRhlIfTfr1fqbo1dy6yCl4BVSjU7Fe+/EHCspgrZJIa0/PcFIOcahRM8mnZzwxPKRvTIe9ZVDTmJsjnN0/JuXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWxD8Ja/vArtes2zfH9ZbdwUcZTgFM7gAjy4ggbcQRNawCCFZ3iFNydzXpx352PRuuYUMyfwR87nDzQWkcY=</latexit><latexit sha1_base64="4tBeD/bv9Cv7d4pnLztYV1C8Bdw=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYD+gCWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vrCwsM7M8zsG6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49tZvfPItRGJesBJyoOYDpWIBKNoLd9H/oRhlIfTfr1fqbo1dy6yCl4BVSjU7Fe+/EHCspgrZJIa0/PcFIOcahRM8mnZzwxPKRvTIe9ZVDTmJsjnN0/JuXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWxD8Ja/vArtes2zfH9ZbdwUcZTgFM7gAjy4ggbcQRNawCCFZ3iFNydzXpx352PRuuYUMyfwR87nDzQWkcY=</latexit><latexit sha1_base64="4tBeD/bv9Cv7d4pnLztYV1C8Bdw=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYD+gCWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vrCwsM7M8zsG6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49tZvfPItRGJesBJyoOYDpWIBKNoLd9H/oRhlIfTfr1fqbo1dy6yCl4BVSjU7Fe+/EHCspgrZJIa0/PcFIOcahRM8mnZzwxPKRvTIe9ZVDTmJsjnN0/JuXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWxD8Ja/vArtes2zfH9ZbdwUcZTgFM7gAjy4ggbcQRNawCCFZ3iFNydzXpx352PRuuYUMyfwR87nDzQWkcY=</latexit><latexit sha1_base64="4tBeD/bv9Cv7d4pnLztYV1C8Bdw=">AAAB83icbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYD+gCWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vrCwsM7M8zsG6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49tZvfPItRGJesBJyoOYDpWIBKNoLd9H/oRhlIfTfr1fqbo1dy6yCl4BVSjU7Fe+/EHCspgrZJIa0/PcFIOcahRM8mnZzwxPKRvTIe9ZVDTmJsjnN0/JuXUGJEq0fQrJ3P09kdPYmEkc2s6Y4sgs12bmf7VehtF1kAuVZsgVWyyKMkkwIbMAyEBozlBOLFCmhb2VsBHVlKGNqWxD8Ja/vArtes2zfH9ZbdwUcZTgFM7gAjy4ggbcQRNawCCFZ3iFNydzXpx352PRuuYUMyfwR87nDzQWkcY=</latexit>

e2
<latexit sha1_base64="K2oexoVe707h87YvoZLZX86+bRI=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGaD2qBccavuoqhbra2gvgQvtyokr+ag/NEfxjyNQCGXzJie5yboZ0yj4BJmpX5qIGF8wkbQs6hYBMbPFjfP6JlVhjSMtX0K6UL9PpGxyJhpFNjOiOHY/Pbm4l9eL8Xw0s+ESlIExZeLwlRSjOk8ADoUGjjKqQXGtbC3Uj5mmnG0MZVsCKuf0v+hXat6lm/rlcZVHkeRnJBTck48ckEa5IY0SYtwkpBH8kxenNR5cl6dt2VrwclnjsmPct6/AEFFkc8=</latexit><latexit sha1_base64="K2oexoVe707h87YvoZLZX86+bRI=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGaD2qBccavuoqhbra2gvgQvtyokr+ag/NEfxjyNQCGXzJie5yboZ0yj4BJmpX5qIGF8wkbQs6hYBMbPFjfP6JlVhjSMtX0K6UL9PpGxyJhpFNjOiOHY/Pbm4l9eL8Xw0s+ESlIExZeLwlRSjOk8ADoUGjjKqQXGtbC3Uj5mmnG0MZVsCKuf0v+hXat6lm/rlcZVHkeRnJBTck48ckEa5IY0SYtwkpBH8kxenNR5cl6dt2VrwclnjsmPct6/AEFFkc8=</latexit><latexit sha1_base64="K2oexoVe707h87YvoZLZX86+bRI=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGaD2qBccavuoqhbra2gvgQvtyokr+ag/NEfxjyNQCGXzJie5yboZ0yj4BJmpX5qIGF8wkbQs6hYBMbPFjfP6JlVhjSMtX0K6UL9PpGxyJhpFNjOiOHY/Pbm4l9eL8Xw0s+ESlIExZeLwlRSjOk8ADoUGjjKqQXGtbC3Uj5mmnG0MZVsCKuf0v+hXat6lm/rlcZVHkeRnJBTck48ckEa5IY0SYtwkpBH8kxenNR5cl6dt2VrwclnjsmPct6/AEFFkc8=</latexit><latexit sha1_base64="K2oexoVe707h87YvoZLZX86+bRI=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGaD2qBccavuoqhbra2gvgQvtyokr+ag/NEfxjyNQCGXzJie5yboZ0yj4BJmpX5qIGF8wkbQs6hYBMbPFjfP6JlVhjSMtX0K6UL9PpGxyJhpFNjOiOHY/Pbm4l9eL8Xw0s+ESlIExZeLwlRSjOk8ADoUGjjKqQXGtbC3Uj5mmnG0MZVsCKuf0v+hXat6lm/rlcZVHkeRnJBTck48ckEa5IY0SYtwkpBH8kxenNR5cl6dt2VrwclnjsmPct6/AEFFkc8=</latexit>

e1
<latexit sha1_base64="PdNyH58SJ1AHPGCUwdGOqy6z5kk=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGYDb1CuuFV3UdSt1lZQX4KXWxWSV3NQ/ugPY55GoJBLZkzPcxP0M6ZRcAmzUj81kDA+YSPoWVQsAuNni5tn9MwqQxrG2j6FdKF+n8hYZMw0CmxnxHBsfntz8S+vl2J46WdCJSmC4stFYSopxnQeAB0KDRzl1ALjWthbKR8zzTjamEo2hNVP6f/QrlU9y7f1SuMqj6NITsgpOSceuSANckOapEU4ScgjeSYvTuo8Oa/O27K14OQzx+RHOe9fP8GRzg==</latexit><latexit sha1_base64="PdNyH58SJ1AHPGCUwdGOqy6z5kk=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGYDb1CuuFV3UdSt1lZQX4KXWxWSV3NQ/ugPY55GoJBLZkzPcxP0M6ZRcAmzUj81kDA+YSPoWVQsAuNni5tn9MwqQxrG2j6FdKF+n8hYZMw0CmxnxHBsfntz8S+vl2J46WdCJSmC4stFYSopxnQeAB0KDRzl1ALjWthbKR8zzTjamEo2hNVP6f/QrlU9y7f1SuMqj6NITsgpOSceuSANckOapEU4ScgjeSYvTuo8Oa/O27K14OQzx+RHOe9fP8GRzg==</latexit><latexit sha1_base64="PdNyH58SJ1AHPGCUwdGOqy6z5kk=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGYDb1CuuFV3UdSt1lZQX4KXWxWSV3NQ/ugPY55GoJBLZkzPcxP0M6ZRcAmzUj81kDA+YSPoWVQsAuNni5tn9MwqQxrG2j6FdKF+n8hYZMw0CmxnxHBsfntz8S+vl2J46WdCJSmC4stFYSopxnQeAB0KDRzl1ALjWthbKR8zzTjamEo2hNVP6f/QrlU9y7f1SuMqj6NITsgpOSceuSANckOapEU4ScgjeSYvTuo8Oa/O27K14OQzx+RHOe9fP8GRzg==</latexit><latexit sha1_base64="PdNyH58SJ1AHPGCUwdGOqy6z5kk=">AAAB83icdZBNS8NAEIY39avWr6pHL4tF8FSSUtBj0YvHCvYD2lA220m7dLMJuxOxhP4NLx4U8eqf8ea/cdumoKIDCw/vO8PMvkEihUHX/XQKa+sbm1vF7dLO7t7+QfnwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O/egjYjVHU4T8CM2UiIUnKGV+n2EBwzCDGYDb1CuuFV3UdSt1lZQX4KXWxWSV3NQ/ugPY55GoJBLZkzPcxP0M6ZRcAmzUj81kDA+YSPoWVQsAuNni5tn9MwqQxrG2j6FdKF+n8hYZMw0CmxnxHBsfntz8S+vl2J46WdCJSmC4stFYSopxnQeAB0KDRzl1ALjWthbKR8zzTjamEo2hNVP6f/QrlU9y7f1SuMqj6NITsgpOSceuSANckOapEU4ScgjeSYvTuo8Oa/O27K14OQzx+RHOe9fP8GRzg==</latexit>

e3
<latexit sha1_base64="iRWBIvP8Yc+y4r3ufzqzRsUKQ6s=">AAAB83icdZBNS8NAEIY3ftb6VfXoZbEInkpSC3osevFYwX5AG8pmO2mXbjZhdyKW0L/hxYMiXv0z3vw3btsUVHRg4eF9Z5jZN0ikMOi6n87K6tr6xmZhq7i9s7u3Xzo4bJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsYX8/89j1oI2J1h5ME/IgNlQgFZ2ilXg/hAYMwg2n/vF8quxV3XtStVJdQW4CXW2WSV6Nf+ugNYp5GoJBLZkzXcxP0M6ZRcAnTYi81kDA+ZkPoWlQsAuNn85un9NQqAxrG2j6FdK5+n8hYZMwkCmxnxHBkfnsz8S+vm2J46WdCJSmC4otFYSopxnQWAB0IDRzlxALjWthbKR8xzTjamIo2hOVP6f/QqlY8y7e1cv0qj6NAjskJOSMeuSB1ckMapEk4ScgjeSYvTuo8Oa/O26J1xclnjsiPct6/AELJkdA=</latexit><latexit sha1_base64="iRWBIvP8Yc+y4r3ufzqzRsUKQ6s=">AAAB83icdZBNS8NAEIY3ftb6VfXoZbEInkpSC3osevFYwX5AG8pmO2mXbjZhdyKW0L/hxYMiXv0z3vw3btsUVHRg4eF9Z5jZN0ikMOi6n87K6tr6xmZhq7i9s7u3Xzo4bJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsYX8/89j1oI2J1h5ME/IgNlQgFZ2ilXg/hAYMwg2n/vF8quxV3XtStVJdQW4CXW2WSV6Nf+ugNYp5GoJBLZkzXcxP0M6ZRcAnTYi81kDA+ZkPoWlQsAuNn85un9NQqAxrG2j6FdK5+n8hYZMwkCmxnxHBkfnsz8S+vm2J46WdCJSmC4otFYSopxnQWAB0IDRzlxALjWthbKR8xzTjamIo2hOVP6f/QqlY8y7e1cv0qj6NAjskJOSMeuSB1ckMapEk4ScgjeSYvTuo8Oa/O26J1xclnjsiPct6/AELJkdA=</latexit><latexit sha1_base64="iRWBIvP8Yc+y4r3ufzqzRsUKQ6s=">AAAB83icdZBNS8NAEIY3ftb6VfXoZbEInkpSC3osevFYwX5AG8pmO2mXbjZhdyKW0L/hxYMiXv0z3vw3btsUVHRg4eF9Z5jZN0ikMOi6n87K6tr6xmZhq7i9s7u3Xzo4bJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsYX8/89j1oI2J1h5ME/IgNlQgFZ2ilXg/hAYMwg2n/vF8quxV3XtStVJdQW4CXW2WSV6Nf+ugNYp5GoJBLZkzXcxP0M6ZRcAnTYi81kDA+ZkPoWlQsAuNn85un9NQqAxrG2j6FdK5+n8hYZMwkCmxnxHBkfnsz8S+vm2J46WdCJSmC4otFYSopxnQWAB0IDRzlxALjWthbKR8xzTjamIo2hOVP6f/QqlY8y7e1cv0qj6NAjskJOSMeuSB1ckMapEk4ScgjeSYvTuo8Oa/O26J1xclnjsiPct6/AELJkdA=</latexit><latexit sha1_base64="iRWBIvP8Yc+y4r3ufzqzRsUKQ6s=">AAAB83icdZBNS8NAEIY3ftb6VfXoZbEInkpSC3osevFYwX5AG8pmO2mXbjZhdyKW0L/hxYMiXv0z3vw3btsUVHRg4eF9Z5jZN0ikMOi6n87K6tr6xmZhq7i9s7u3Xzo4bJk41RyaPJax7gTMgBQKmihQQifRwKJAQjsYX8/89j1oI2J1h5ME/IgNlQgFZ2ilXg/hAYMwg2n/vF8quxV3XtStVJdQW4CXW2WSV6Nf+ugNYp5GoJBLZkzXcxP0M6ZRcAnTYi81kDA+ZkPoWlQsAuNn85un9NQqAxrG2j6FdK5+n8hYZMwkCmxnxHBkfnsz8S+vm2J46WdCJSmC4otFYSopxnQWAB0IDRzlxALjWthbKR8xzTjamIo2hOVP6f/QqlY8y7e1cv0qj6NAjskJOSMeuSB1ckMapEk4ScgjeSYvTuo8Oa/O26J1xclnjsiPct6/AELJkdA=</latexit>

O
<latexit sha1_base64="PLXmuEAbPcWSy6DBrPP1RtzDPh0=">AAAB6HicdZBNSwMxEIZn61etX1WPXoJF8FS2paDHgpfebMF+QLuUbDrbxmazS5IVytJf4MWDIl79Sd78N6btFlT0hcDD+86QmfFjwbVx3U8nt7G5tb2T3y3s7R8cHhWPTzo6ShTDNotEpHo+1Si4xLbhRmAvVkhDX2DXn94s8u4DKs0jeWdmMXohHUsecEaNtVq3w2LJLbtLEbdcXUNtBZUsKkGm5rD4MRhFLAlRGiao1v2KGxsvpcpwJnBeGCQaY8qmdIx9i5KGqL10OeicXFhnRIJI2ScNWbrfO1Iaaj0LfVsZUjPRv7OF+VfWT0xw7aVcxolByVYfBYkgJiKLrcmIK2RGzCxQpridlbAJVZQZe5uCPcJ6U/I/dKrliuVWrVRvZOfIwxmcwyVU4Arq0IAmtIEBwiM8w4tz7zw5r87bqjTnZD2n8EPO+xeyf4zf</latexit><latexit sha1_base64="PLXmuEAbPcWSy6DBrPP1RtzDPh0=">AAAB6HicdZBNSwMxEIZn61etX1WPXoJF8FS2paDHgpfebMF+QLuUbDrbxmazS5IVytJf4MWDIl79Sd78N6btFlT0hcDD+86QmfFjwbVx3U8nt7G5tb2T3y3s7R8cHhWPTzo6ShTDNotEpHo+1Si4xLbhRmAvVkhDX2DXn94s8u4DKs0jeWdmMXohHUsecEaNtVq3w2LJLbtLEbdcXUNtBZUsKkGm5rD4MRhFLAlRGiao1v2KGxsvpcpwJnBeGCQaY8qmdIx9i5KGqL10OeicXFhnRIJI2ScNWbrfO1Iaaj0LfVsZUjPRv7OF+VfWT0xw7aVcxolByVYfBYkgJiKLrcmIK2RGzCxQpridlbAJVZQZe5uCPcJ6U/I/dKrliuVWrVRvZOfIwxmcwyVU4Arq0IAmtIEBwiM8w4tz7zw5r87bqjTnZD2n8EPO+xeyf4zf</latexit><latexit sha1_base64="PLXmuEAbPcWSy6DBrPP1RtzDPh0=">AAAB6HicdZBNSwMxEIZn61etX1WPXoJF8FS2paDHgpfebMF+QLuUbDrbxmazS5IVytJf4MWDIl79Sd78N6btFlT0hcDD+86QmfFjwbVx3U8nt7G5tb2T3y3s7R8cHhWPTzo6ShTDNotEpHo+1Si4xLbhRmAvVkhDX2DXn94s8u4DKs0jeWdmMXohHUsecEaNtVq3w2LJLbtLEbdcXUNtBZUsKkGm5rD4MRhFLAlRGiao1v2KGxsvpcpwJnBeGCQaY8qmdIx9i5KGqL10OeicXFhnRIJI2ScNWbrfO1Iaaj0LfVsZUjPRv7OF+VfWT0xw7aVcxolByVYfBYkgJiKLrcmIK2RGzCxQpridlbAJVZQZe5uCPcJ6U/I/dKrliuVWrVRvZOfIwxmcwyVU4Arq0IAmtIEBwiM8w4tz7zw5r87bqjTnZD2n8EPO+xeyf4zf</latexit><latexit sha1_base64="PLXmuEAbPcWSy6DBrPP1RtzDPh0=">AAAB6HicdZBNSwMxEIZn61etX1WPXoJF8FS2paDHgpfebMF+QLuUbDrbxmazS5IVytJf4MWDIl79Sd78N6btFlT0hcDD+86QmfFjwbVx3U8nt7G5tb2T3y3s7R8cHhWPTzo6ShTDNotEpHo+1Si4xLbhRmAvVkhDX2DXn94s8u4DKs0jeWdmMXohHUsecEaNtVq3w2LJLbtLEbdcXUNtBZUsKkGm5rD4MRhFLAlRGiao1v2KGxsvpcpwJnBeGCQaY8qmdIx9i5KGqL10OeicXFhnRIJI2ScNWbrfO1Iaaj0LfVsZUjPRv7OF+VfWT0xw7aVcxolByVYfBYkgJiKLrcmIK2RGzCxQpridlbAJVZQZe5uCPcJ6U/I/dKrliuVWrVRvZOfIwxmcwyVU4Arq0IAmtIEBwiM8w4tz7zw5r87bqjTnZD2n8EPO+xeyf4zf</latexit>

I<latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="8+ttCBHxbVCMXmyqheNTAnmoNm0=">AAAB53icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScKO7CvYHpkPJpJk2NJMMyR2hDH0MNy4U8Y3c+TZm2i609ULg45yEnHviTAqLvv/tVba2d3b3qvu1g/rh0XHjpN61OjeMd5iW2vRjarkUindQoOT9zHCaxpL34uld6feeubFCqyecZTxK6ViJRDCKTgoHKcUJo7J4mA8bTb/lL4ZsQrCCJqymPWx8DUaa5SlXyCS1Ngz8DKOCGhRM8nltkFueUTalYx46VDTlNioWkefkwikjkmjjjkKyUH+/KGhq7SyN3c0yol33SvE/L8wxuYkKobIcuWLLj5JcEtSk3J+MhOEM5cwBZUa4rIRNqKEMXUs1V0KwvvImdK9ageNHH6pwBudwCQFcwy3cQxs6wEDDC7zBu4feq/exrKvirXo7hT/jff4AOV2QAg==</latexit><latexit sha1_base64="OwzY7/ZNYFu83hlmF4ReDE91mGY=">AAAB53icdZBLSwMxFIXv1FetVatbN8EiuCozRdCl4EZ3FewD2qFk0kwbmkmG5I5Qhv4MNy4U8R+589+Y6QNU9ELg45yEnHuiVAqLvv/plTY2t7Z3yruVver+wWHtqNqxOjOMt5mW2vQiarkUirdRoOS91HCaRJJ3o+lN4XcfubFCqwecpTxM6FiJWDCKTuoPEooTRmV+Nx/W6n7DXwzxG801XCwhWFl1WE1rWPsYjDTLEq6QSWptP/BTDHNqUDDJ55VBZnlK2ZSOed+hogm3Yb6IPCdnThmRWBt3FJKF+v1FThNrZ0nkbhYR7W+vEP/y+hnGV2EuVJohV2z5UZxJgpoU+5ORMJyhnDmgzAiXlbAJNZSha6niSlhvSv6HTrMROL73oQwncArnEMAlXMMttKANDDQ8wQu8eug9e2/Lukreqrdj+DHe+xdBtZAI</latexit><latexit sha1_base64="DdnUk3Bal6NrfJTya55oQ+YCaMI=">AAAB8nicdVDLSsNAFL3xWeur6tLNYBFclbQIuiy4qbsK9gFpKJPppB06yYSZG6GEfoYbF4q49Wvc+TdO2hRU9MDA4Zx7mXNPkEhh0HU/nbX1jc2t7dJOeXdv/+CwcnTcNSrVjHeYkkr3A2q4FDHvoEDJ+4nmNAok7wXTm9zvPXBthIrvcZZwP6LjWISCUbSSN4goThiV2e18WKm6NXcB4tYaK3K5JPXCqkKB9rDyMRgplkY8RiapMV7dTdDPqEbBJJ+XB6nhCWVTOuaepTGNuPGzReQ5ObfKiIRK2xcjWajfNzIaGTOLAjuZRzS/vVz8y/NSDK/9TMRJijxmy4/CVBJUJL+fjITmDOXMEsq0sFkJm1BNGdqWyraE1aXkf9Jt1OqW37nVZquoowSncAYXUIcraEIL2tABBgoe4RleHHSenFfnbTm65hQ7J/ADzvsXhaCRZw==</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit><latexit sha1_base64="kUsciNGADADcMktLw+mEKPfc+NY=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KjOloMuCm7qrYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Cih4IHM65l5x7wkRwA6776ZQ2Nre2d8q7lb39g8Oj6vFJz6hUU9alSig9CIlhgkvWBQ6CDRLNSBwK1g9nN7nff2DacCXvYZ6wICYTySNOCVjJH8YEppSI7HYxqtbcursEduuNNWmuiFdYNVSgM6p+DMeKpjGTQAUxxvfcBIKMaOBUsEVlmBqWEDojE+ZbKknMTJAtIy/whVXGOFLaPgl4qX7fyEhszDwO7WQe0fz2cvEvz08hug4yLpMUmKSrj6JUYFA4vx+PuWYUxNwSQjW3WTGdEk0o2JYqtoT1pfh/0mvUPcvvmrVWu6ijjM7QObpEHrpCLdRGHdRFFCn0iJ7RiwPOk/PqvK1GS06xc4p+wHn/AobgkWs=</latexit>

O0
<latexit sha1_base64="1FNF9ZcnFFfmD9pyMQIndfN6IBg=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbRU9kVUY8FL71ZxdpCu5RsOtuGZrNLkhXK0n/gxYMiXv1H3vw3ZtsKfj4Iebw3w8y8IBFcG9d9dwoLi0vLK8XV0tr6xuZWeXvnVsepYthksYhVO6AaBZfYNNwIbCcKaRQIbAWji9xv3aHSPJY3ZpygH9GB5CFn1Fjp+vKwV6641VM3B/lNvOr0dyswR6NXfuv2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nt10Qg6s0idhrOyThkzVrx0ZjbQeR4GtjKgZ6p9eLv7ldVITnvsZl0lqULLZoDAVxMQkP5v0uUJmxNgSyhS3uxI2pIoyY8Mp2RA+LyX/k9vjqmf51UmlVp/HUYQ92Icj8OAMalCHBjSBQQj38AhPzsh5cJ6dl1lpwZn37MI3OK8fJH2NHA==</latexit><latexit sha1_base64="1FNF9ZcnFFfmD9pyMQIndfN6IBg=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbRU9kVUY8FL71ZxdpCu5RsOtuGZrNLkhXK0n/gxYMiXv1H3vw3ZtsKfj4Iebw3w8y8IBFcG9d9dwoLi0vLK8XV0tr6xuZWeXvnVsepYthksYhVO6AaBZfYNNwIbCcKaRQIbAWji9xv3aHSPJY3ZpygH9GB5CFn1Fjp+vKwV6641VM3B/lNvOr0dyswR6NXfuv2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nt10Qg6s0idhrOyThkzVrx0ZjbQeR4GtjKgZ6p9eLv7ldVITnvsZl0lqULLZoDAVxMQkP5v0uUJmxNgSyhS3uxI2pIoyY8Mp2RA+LyX/k9vjqmf51UmlVp/HUYQ92Icj8OAMalCHBjSBQQj38AhPzsh5cJ6dl1lpwZn37MI3OK8fJH2NHA==</latexit><latexit sha1_base64="1FNF9ZcnFFfmD9pyMQIndfN6IBg=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbRU9kVUY8FL71ZxdpCu5RsOtuGZrNLkhXK0n/gxYMiXv1H3vw3ZtsKfj4Iebw3w8y8IBFcG9d9dwoLi0vLK8XV0tr6xuZWeXvnVsepYthksYhVO6AaBZfYNNwIbCcKaRQIbAWji9xv3aHSPJY3ZpygH9GB5CFn1Fjp+vKwV6641VM3B/lNvOr0dyswR6NXfuv2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nt10Qg6s0idhrOyThkzVrx0ZjbQeR4GtjKgZ6p9eLv7ldVITnvsZl0lqULLZoDAVxMQkP5v0uUJmxNgSyhS3uxI2pIoyY8Mp2RA+LyX/k9vjqmf51UmlVp/HUYQ92Icj8OAMalCHBjSBQQj38AhPzsh5cJ6dl1lpwZn37MI3OK8fJH2NHA==</latexit><latexit sha1_base64="1FNF9ZcnFFfmD9pyMQIndfN6IBg=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbRU9kVUY8FL71ZxdpCu5RsOtuGZrNLkhXK0n/gxYMiXv1H3vw3ZtsKfj4Iebw3w8y8IBFcG9d9dwoLi0vLK8XV0tr6xuZWeXvnVsepYthksYhVO6AaBZfYNNwIbCcKaRQIbAWji9xv3aHSPJY3ZpygH9GB5CFn1Fjp+vKwV6641VM3B/lNvOr0dyswR6NXfuv2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nt10Qg6s0idhrOyThkzVrx0ZjbQeR4GtjKgZ6p9eLv7ldVITnvsZl0lqULLZoDAVxMQkP5v0uUJmxNgSyhS3uxI2pIoyY8Mp2RA+LyX/k9vjqmf51UmlVp/HUYQ92Icj8OAMalCHBjSBQQj38AhPzsh5cJ6dl1lpwZn37MI3OK8fJH2NHA==</latexit>

B
<latexit sha1_base64="F6wDCABrBAVtJW83tbDy6XdnHWU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUiu5sPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKPbIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7lj9c1xrNoo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3OjkV4=</latexit><latexit sha1_base64="F6wDCABrBAVtJW83tbDy6XdnHWU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUiu5sPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKPbIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7lj9c1xrNoo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3OjkV4=</latexit><latexit sha1_base64="F6wDCABrBAVtJW83tbDy6XdnHWU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUiu5sPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKPbIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7lj9c1xrNoo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3OjkV4=</latexit><latexit sha1_base64="F6wDCABrBAVtJW83tbDy6XdnHWU=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUiu5sPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKPbIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7lj9c1xrNoo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3OjkV4=</latexit>

U
<latexit sha1_base64="C+lgCDAFppUFEwhUitstB4AKLCU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GqalYJcFN11WcNrCdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmT5ARS+EHM65l3vuiVLBDXjep1Pa2t7Z3SvvVw4Oj45PqqdnPaMyTZlPlVB6EBHDBJfMBw6CDVLNSBIJ1o9mt4Xef2DacCXvYZ6yMCETyWNOCVgqGCYEppSI3F+MqjXPbXlFYc9tbkBjBeru8vdqaF3dUfVjOFY0S5gEKogxQd1LIcyJBk4FW1SGmWEpoTMyYYGFkiTMhPnS8gJfWWaMY6Xtk4CX7PeJnCTGzJPIdhYWzW+tIP/SggziVphzmWbAJF0tijOBQeHifjzmmlEQcwsI1dx6xXRKNKFgU6rYEDaX4v9Br+HWLb5r1tqddRxldIEu0TWqoxvURh3URT6iSKFH9IxeHHCenFfnbdVactYz5+hHOe9fpR6Rfw==</latexit><latexit sha1_base64="C+lgCDAFppUFEwhUitstB4AKLCU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GqalYJcFN11WcNrCdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmT5ARS+EHM65l3vuiVLBDXjep1Pa2t7Z3SvvVw4Oj45PqqdnPaMyTZlPlVB6EBHDBJfMBw6CDVLNSBIJ1o9mt4Xef2DacCXvYZ6yMCETyWNOCVgqGCYEppSI3F+MqjXPbXlFYc9tbkBjBeru8vdqaF3dUfVjOFY0S5gEKogxQd1LIcyJBk4FW1SGmWEpoTMyYYGFkiTMhPnS8gJfWWaMY6Xtk4CX7PeJnCTGzJPIdhYWzW+tIP/SggziVphzmWbAJF0tijOBQeHifjzmmlEQcwsI1dx6xXRKNKFgU6rYEDaX4v9Br+HWLb5r1tqddRxldIEu0TWqoxvURh3URT6iSKFH9IxeHHCenFfnbdVactYz5+hHOe9fpR6Rfw==</latexit><latexit sha1_base64="C+lgCDAFppUFEwhUitstB4AKLCU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GqalYJcFN11WcNrCdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmT5ARS+EHM65l3vuiVLBDXjep1Pa2t7Z3SvvVw4Oj45PqqdnPaMyTZlPlVB6EBHDBJfMBw6CDVLNSBIJ1o9mt4Xef2DacCXvYZ6yMCETyWNOCVgqGCYEppSI3F+MqjXPbXlFYc9tbkBjBeru8vdqaF3dUfVjOFY0S5gEKogxQd1LIcyJBk4FW1SGmWEpoTMyYYGFkiTMhPnS8gJfWWaMY6Xtk4CX7PeJnCTGzJPIdhYWzW+tIP/SggziVphzmWbAJF0tijOBQeHifjzmmlEQcwsI1dx6xXRKNKFgU6rYEDaX4v9Br+HWLb5r1tqddRxldIEu0TWqoxvURh3URT6iSKFH9IxeHHCenFfnbdVactYz5+hHOe9fpR6Rfw==</latexit><latexit sha1_base64="C+lgCDAFppUFEwhUitstB4AKLCU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GqalYJcFN11WcNrCdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmT5ARS+EHM65l3vuiVLBDXjep1Pa2t7Z3SvvVw4Oj45PqqdnPaMyTZlPlVB6EBHDBJfMBw6CDVLNSBIJ1o9mt4Xef2DacCXvYZ6yMCETyWNOCVgqGCYEppSI3F+MqjXPbXlFYc9tbkBjBeru8vdqaF3dUfVjOFY0S5gEKogxQd1LIcyJBk4FW1SGmWEpoTMyYYGFkiTMhPnS8gJfWWaMY6Xtk4CX7PeJnCTGzJPIdhYWzW+tIP/SggziVphzmWbAJF0tijOBQeHifjzmmlEQcwsI1dx6xXRKNKFgU6rYEDaX4v9Br+HWLb5r1tqddRxldIEu0TWqoxvURh3URT6iSKFH9IxeHHCenFfnbdVactYz5+hHOe9fpR6Rfw==</latexit>

!1
<latexit sha1_base64="6wtc/szd7E/lL5tjAtk8quba+SA=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8EguAozIugy4CbLCOYByRB6OjVJk36M3T1CCPkJNy4UcevvuPNv7CSz0MQLDYdbVXTVjVPOjA2Cb6+wsbm1vVPcLe3tHxwelY9PWkZlmmKTKq50JyYGOZPYtMxy7KQaiYg5tuPx3bzefkJtmJIPdpJiJMhQsoRRYp3V6SmBQ9IP++VKUA0W8tchzKECuRr98ldvoGgmUFrKiTHdMEhtNCXaMspxVuplBlNCx2SIXYeSCDTRdLHvzL9wzsBPlHZPWn/h/p6YEmHMRMSuUxA7Mqu1uflfrZvZ5DaaMplmFiVdfpRk3LfKnx/vD5hGavnEAaGauV19OiKaUOsiKrkQwtWT16F1VQ0d319XavU8jiKcwTlcQgg3UIM6NKAJFDg8wyu8eY/ei/fufSxbC14+cwp/5H3+ALtXj8U=</latexit><latexit sha1_base64="6wtc/szd7E/lL5tjAtk8quba+SA=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8EguAozIugy4CbLCOYByRB6OjVJk36M3T1CCPkJNy4UcevvuPNv7CSz0MQLDYdbVXTVjVPOjA2Cb6+wsbm1vVPcLe3tHxwelY9PWkZlmmKTKq50JyYGOZPYtMxy7KQaiYg5tuPx3bzefkJtmJIPdpJiJMhQsoRRYp3V6SmBQ9IP++VKUA0W8tchzKECuRr98ldvoGgmUFrKiTHdMEhtNCXaMspxVuplBlNCx2SIXYeSCDTRdLHvzL9wzsBPlHZPWn/h/p6YEmHMRMSuUxA7Mqu1uflfrZvZ5DaaMplmFiVdfpRk3LfKnx/vD5hGavnEAaGauV19OiKaUOsiKrkQwtWT16F1VQ0d319XavU8jiKcwTlcQgg3UIM6NKAJFDg8wyu8eY/ei/fufSxbC14+cwp/5H3+ALtXj8U=</latexit><latexit sha1_base64="6wtc/szd7E/lL5tjAtk8quba+SA=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8EguAozIugy4CbLCOYByRB6OjVJk36M3T1CCPkJNy4UcevvuPNv7CSz0MQLDYdbVXTVjVPOjA2Cb6+wsbm1vVPcLe3tHxwelY9PWkZlmmKTKq50JyYGOZPYtMxy7KQaiYg5tuPx3bzefkJtmJIPdpJiJMhQsoRRYp3V6SmBQ9IP++VKUA0W8tchzKECuRr98ldvoGgmUFrKiTHdMEhtNCXaMspxVuplBlNCx2SIXYeSCDTRdLHvzL9wzsBPlHZPWn/h/p6YEmHMRMSuUxA7Mqu1uflfrZvZ5DaaMplmFiVdfpRk3LfKnx/vD5hGavnEAaGauV19OiKaUOsiKrkQwtWT16F1VQ0d319XavU8jiKcwTlcQgg3UIM6NKAJFDg8wyu8eY/ei/fufSxbC14+cwp/5H3+ALtXj8U=</latexit><latexit sha1_base64="6wtc/szd7E/lL5tjAtk8quba+SA=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8EguAozIugy4CbLCOYByRB6OjVJk36M3T1CCPkJNy4UcevvuPNv7CSz0MQLDYdbVXTVjVPOjA2Cb6+wsbm1vVPcLe3tHxwelY9PWkZlmmKTKq50JyYGOZPYtMxy7KQaiYg5tuPx3bzefkJtmJIPdpJiJMhQsoRRYp3V6SmBQ9IP++VKUA0W8tchzKECuRr98ldvoGgmUFrKiTHdMEhtNCXaMspxVuplBlNCx2SIXYeSCDTRdLHvzL9wzsBPlHZPWn/h/p6YEmHMRMSuUxA7Mqu1uflfrZvZ5DaaMplmFiVdfpRk3LfKnx/vD5hGavnEAaGauV19OiKaUOsiKrkQwtWT16F1VQ0d319XavU8jiKcwTlcQgg3UIM6NKAJFDg8wyu8eY/ei/fufSxbC14+cwp/5H3+ALtXj8U=</latexit>

!3
<latexit sha1_base64="TLzThGsnVkklb5j33elu5DBCFIA=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInsquCnoseOmxgv2AdinZdLYNTTZrkhVK6Z/w4kERr/4db/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBU+wYbkV2E41UhkJbEWju1m99YTacJU82HGKoaSDhMecUeusdldJHNDeVa9U9iv+XGQVghzKkKveK311+4plEhPLBDWmE/ipDSdUW84ETovdzGBK2YgOsOMwoRJNOJnvOyXnzumTWGn3Ekvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZjW/DCU/SzGLCFh/FmSBWkdnxpM81MivGDijT3O1K2JBqyqyLqOhCCJZPXoXmZSVwfH9drtbyOApwCmdwAQHcQBVqUIcGMBDwDK/w5j16L96797FoXfPymRP4I+/zB75fj8c=</latexit><latexit sha1_base64="TLzThGsnVkklb5j33elu5DBCFIA=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInsquCnoseOmxgv2AdinZdLYNTTZrkhVK6Z/w4kERr/4db/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBU+wYbkV2E41UhkJbEWju1m99YTacJU82HGKoaSDhMecUeusdldJHNDeVa9U9iv+XGQVghzKkKveK311+4plEhPLBDWmE/ipDSdUW84ETovdzGBK2YgOsOMwoRJNOJnvOyXnzumTWGn3Ekvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZjW/DCU/SzGLCFh/FmSBWkdnxpM81MivGDijT3O1K2JBqyqyLqOhCCJZPXoXmZSVwfH9drtbyOApwCmdwAQHcQBVqUIcGMBDwDK/w5j16L96797FoXfPymRP4I+/zB75fj8c=</latexit><latexit sha1_base64="TLzThGsnVkklb5j33elu5DBCFIA=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInsquCnoseOmxgv2AdinZdLYNTTZrkhVK6Z/w4kERr/4db/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBU+wYbkV2E41UhkJbEWju1m99YTacJU82HGKoaSDhMecUeusdldJHNDeVa9U9iv+XGQVghzKkKveK311+4plEhPLBDWmE/ipDSdUW84ETovdzGBK2YgOsOMwoRJNOJnvOyXnzumTWGn3Ekvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZjW/DCU/SzGLCFh/FmSBWkdnxpM81MivGDijT3O1K2JBqyqyLqOhCCJZPXoXmZSVwfH9drtbyOApwCmdwAQHcQBVqUIcGMBDwDK/w5j16L96797FoXfPymRP4I+/zB75fj8c=</latexit><latexit sha1_base64="TLzThGsnVkklb5j33elu5DBCFIA=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInsquCnoseOmxgv2AdinZdLYNTTZrkhVK6Z/w4kERr/4db/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBU+wYbkV2E41UhkJbEWju1m99YTacJU82HGKoaSDhMecUeusdldJHNDeVa9U9iv+XGQVghzKkKveK311+4plEhPLBDWmE/ipDSdUW84ETovdzGBK2YgOsOMwoRJNOJnvOyXnzumTWGn3Ekvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZjW/DCU/SzGLCFh/FmSBWkdnxpM81MivGDijT3O1K2JBqyqyLqOhCCJZPXoXmZSVwfH9drtbyOApwCmdwAQHcQBVqUIcGMBDwDK/w5j16L96797FoXfPymRP4I+/zB75fj8c=</latexit>

!4
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Fig. 1 Quadrotor reference frames: I is the inertial frame, B is the body frame, U is the wind frame. The
flow probe is situated at point P and u1 is aligned with the horizontal component of the wind V∞
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Fig. 2 Blade-flapping model [11], where O′j is the position of the j th hub, β j is the flap angle of blade j, kβ is
the flap spring, e is the hinge offset, and ω j is the rotational speed of rotor j

The multi-hole probe P measures the wind at position Xprobe above the quadrotor’s center of mass O′ to reduce the
effect of the vehicle drag and propeller inflow, so the quadrotor’s rotation must be accounted for when determining
the wind velocity at O′. The vector measured by the flow probe is Vprobe , the inertial wind velocity in body-frame
components is V∞, the quadrotor translational velocity in body components is V, and the contribution of the quadrotor
rotational velocity is Ω̂Xprobe . The value measured by the probe is

Vprobe = V∞ − V − Ω̂Xprobe . (2)

Let ∆V∞ = V∞ −V = Vprobe + Ω̂Xprobe be the velocity of wind experienced over the center of mass of the quadrotor.
Note, Eq. (2) assumes the probe measures all three vector components of the wind in the body frame; in the experimental
testbed, we only measure the two horizontal components.

B. Blade-flapping Dynamics
We model the aerodynamic moment on the quadrotor as a result of the blade-flapping phenomena in rotorcraft,

which occurs due to uneven lift on the advancing and retreating blades as the vehicle flies forward and/or is subject to
wind [11]. We follow the single-propeller analysis in [26] to develop the aerodynamic momentMaero acting on the
quadrotor, derived in [16].

We define a number of additional variables to mathematically describe blade flapping. Let β be the flap angle of the
blade away from the plane of the hub, νβ be the scaled natural frequency of the propeller blade, and consider the Lock
number γ, which is the ratio of aerodynamic to inertial forces on the blade. Define Mβ as the moment resulting from the
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aerodynamic interaction between the propeller and the wind. Define ω as the propeller angular velocity, Nβ as the static
moment of the blade, and Iβ as the moment of inertia of the blade. Blade flapping is described by the equation [11]

∗∗

β + ν2β β = γMβ −
gNβ

ω2Iβ
, (3)

where ∗ denotes differentiation with respect to blade azimuth ψβ = ωt such that
.
β , ω

∗

β, following [11].
The moment Mβ is derived using the lift and drag forces on the blade, and results in an expression that depends

on the geometric blade parameters θ0 and θtw , which are the root angle of attack and twist of the blade, respectively;
the hinge offset of the blade e shown in Fig. 2; and the inflow conditions, described by the average inflow through
the propeller λ0 and the total linear inflow over the propeller λi = λ0(1 + kλx r ′ cos(ψβ )), where kλx is the slope of
the inflow and depends on the wind speed, r ′ is the non-dimensional length along the propeller blade, and ψβ is the
azimuth angle of the blade around the hub. Equation (3) is solved by matching first harmonic terms on each side, i.e.,
β(ψβ ) = β0 + β1c cos(ψβ ) + β1s sin(ψβ ) [26]. To predict the aerodynamic momentMaero , we need to solve for the

maximum flapping amplitude and where it occurs in the azimuth, which can be described by βmax =
√
β21c + β

2
1s and

phase delay φD = tan−1(β1s/β1c ) − π/2 [26].
In the complete development, β1s and β1c are implicit equations, so we make simplifications for tractability. We find

that for our parameters, the hinge offset e and the implicit multipliers contribute little to the overall flapping behavior
and, when ignored, result in much simpler, explicit equations that depend only on inflow, forward speed, and blade
parameters [26]:

β1c ≈
−γ

8
(
ν2β − 1

) λ0kλx (4)

and
β1s ≈

µ γ

4
(
ν2β − 1

) (4
3
θ0 + θtw − λ0

)
. (5)

The overall aerodynamic moment on the hub Maero depends on the maximum flap angle βmax for the spring force
at the blade hinge as well as the force resulting from the hinge offset, and also considers the pitching moment of the
blade itself [26]. However, we ignore the hinge offset and blade pitching moment contributions because the spring force
provides the majority of the moment at the hub. When solving for the total aerodynamic moment on the quadrotor,
counter-rotating pairs cancel the u1 component to yield the moment used for attitude control [16]

Maero = [4kβ βmaxSφDu2 · b1, 4kβ βmaxSφDu2 · b2, 0]T , (6)

where kβ = 3 for the Gemfan 5030 rotors used here [26].

C. Attitude Control Design on SO(3)
This work leverages the inner-loop attitude control design in [16]. The desired attitude is represented as a rotation

matrix Rd , and is applied in the attitude controller using the configuration error function [27]

Ψ(R, Rd ) =
1
2
tr

(
I − RT

d R
)
, (7)

which is locally positive definite when the angle between R and Rd , defined by θR = arccos((tr[RT
d

R] − 1)/2), is less
than π [17], which occurs almost globally. The attitude tracking error eR is [17]

eR =
1
2

(
RT
d R − RT Rd

)∨
, (8)

which is derived from the configuration error function. The angular-velocity tracking error is [17]

eΩ = Ω − RT RdΩd . (9)

Note d(RT
d

R)/dt = (RT
d

R)êΩ, when compared to (1), shows eΩ is to RT
d

R as Ω is to R.
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In order to minimize the rate and attitude errors, we stabilize our system using the thrust moment in Eq. (11). The
6-DOF quadrotor is underactuated, so we specify inputs corresponding to the overall thrust and the roll, pitch, and yaw
moments. This relationship can be inverted to yield

T1 = T0 +
1
4

(−ν1 + ν2 + ν3)

T2 = T0 +
1
4

(−ν1 − ν2 − ν3)

T3 = T0 +
1
4

(ν1 + ν2 − ν3)

T4 = T0 +
1
4

(ν1 − ν2 + ν3).

(10)

Based on the position and rotation of each motor, the thrust moment on the quadrotor is

Mthrust =



`
√
2

4 (−T1 − T2 + T3 + T4)
`
√
2

4 (T1 − T2 + T3 − T4)
cm (T1 − T2 − T3 + T4)



, (11)

where cm is a coefficient relating the thrust produced to the torque of the motor, found empirically to be approximately
0.0085 Nm/N for the testbed described in Section V. Thus, from Eq. (10),

Mthrust =



`
√
2

4
ν1,

`
√
2

4
ν2, cmν3



T

. (12)

Define H = diag{`
√
2/4, `

√
2/4, cm } and ν = [ν1, ν2, ν3]T , then choose [28]

ν = H−1J
[
− kReR − kΩeΩ − J−1

(
−Ω̂JΩ +Maero

)
− Ω̂RT RdΩd + RT RdΩ̇d

]
, (13)

yielding the thrust moment [16]

Mthrust = −JkReR − JkΩeΩ + Ω̂JΩ −Maero + J
(
−Ω̂RT RdΩd + RT RdΩ̇d

)
. (14)

When Eq. (14) is inserted in Eq. (9), the attitude error dynamics become [28]

ėR =
1
2

(
tr
{
RT Rd

}
I − RT Rd

)
eΩ,

ėΩ = −kReR − kΩeΩ,
(15)

which are exponentially stable according to Proposition 1 in [16]. Furthermore, we employ a variable-gain method [16]
to prevent motor saturation and maintain stability guarantees: if control authority exists after feedback linearization,
choose gain coefficient 0 < kmod ≤ 1 to scale the stabilizing inputs uniformly such that motor limits are not exceeded
and the direction of the stabilizing moment is preserved.

IV. Position Control Design on SE(3)
By representing the kinematics using rotation matrices in the Lie group SE(3), we design a flow-aware position and

attitude controller that achieves nearly global stabilization while avoiding singularities associated with Euler angles.
The controller follows [17] using a cascaded inner-loop, outer-loop architecture, where the outer loop solves for position
errors and prescribes the direction of b3 as well as the total thrust fthrust . The desired b1 direction is prescribed
independently of fthrust and b3. The thrust force and axis directions are transmitted to the inner loop, where desired roll
and pitch angles are determined based on b3d , and desired yaw angle is determined by b1d . Attitude control development
differs from previous work [16] in that the average thrust T0 is no longer constant, which may be incorporated in the
analysis of [16] without additional modification.

The desired attitude Rd driving the inner-loop controller is developed based on the position and heading error of the
quadrotor. Tracking errors are defined as [17]

ex = x − xd,
ev = v − vd,

(16)
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where xd and vd are the desired position and velocity, respectively. For a given smooth tracking command xd (t), and
positive constants kx and kv , define [17]

b3d =
−kxex − kvev + mge3 + mẍd − faero
‖−kxex − kvev + mge3 + mẍd − faero ‖

, (17)

where we assume ‖−kxex − kvev + mge3 + mẍd − faero ‖ , 0, and include the aerodynamic drag term faero as follows.
The drag force results from bluff body drag on the quadrotor as well as induced drag from the propellers such that

faero = fblu f f + find . Define Af as the frontal area of the quadrotor and CD as the drag coefficient of the quadrotor.
Bluff body drag is modeled as

fblu f f =
1
2
ρ| |∆v∞ | |Af CD∆v∞, (18)

where ∆v∞ = R
(
Vprobe + Ω̂Xprobe

)
. Induced drag results from the lift force and induced angle of attack. Let

αind = arctan(λ0/0.75) denote the induced angle of attack (using for simplicity the average angle, rather than integrating
across the blade), which results from the velocity of the wind relative to the rotating blade; αe f f = αgeo − αind be the
effective angle of attack; and αgeo be the geometric angle of attack resulting from the blade pitch relative to the plane of
the hub. Define Nr as the number of rotors on the vehicle, Nb as the number of blades per rotor, and r̄ as the length of
the rotor blade. Induced drag is

find = Nr
Nb

2π

∫ 2π

0

∫ r̄

0

1
2
ρ
(
ωr + Sψβ (∆v∞ · u1)

)2
c C`ααe f f Sαind

Sψβ drdψβu1, (19)

which is then integrated along the length of the blade and around one rotor revolution. To avoid the multivariable
integration, we simplify the induced angle of attack term αind in Eq. (19) by assuming uniform inflow, using the
mean velocity of the blade, neglecting the change in velocity due to wind, and assuming the angle is small, such that
αind = 2λ0. Additionally, we assume a constant effective angle of attack αe f f = θ0 + (3/4)θtw − αind , which yields
the following:

find ≈ Nr
Nb

4
ρc C`ααe f f Sαind

ωr̄2 (∆v∞ · u1) u1. (20)

The drag force is incorporated in b3d , and thrust force is correspondingly chosen as

f thrust = (−kxex − kvev + mge3 + mẍd − faero ) · b3. (21)

We also prescribe the desired heading b1d in the outer loop, and assume that b1d is not parallel to b3d . Then the
desired attitude of the quadrotor transmitted to the inner-loop controller is Rd = [b2d × b3d , b2d , b3d ] ∈ SO(3), where
b2d = (b3d × b1d )/‖b3d × b1d ‖. Additionally, we assume ‖mge3 + mẍd ‖ < B for a given positive constant B. Then,
the complete error dynamics of the system are

ėR =
1
2

(
tr
{
RT Rd

}
I − RT Rd

)
eΩ,

ėΩ = J−1
(
−Ω̂JΩ +Mthrust +Maero

)
+ Ω̂RT RdΩd − RT RdΩ̇d,

mėx = mẋ − mẋd = mv − mvd
mv̇ = mẍ − mẍd = −mge3 + fthrust + faero

(22)

The stability of the dynamics in Eq. (22) relies on the convergence of the attitude dynamics in order to ensure that
b3 follows b3d . Almost global exponential stability of the attitude dynamics is shown in [16] using the moment input in
Eq. (14). Furthermore, for stability of the complete dynamics we require the initial attitude error to be less than π/2
[17], corresponding to the configuration error function Ψ less than 1. Applying the control force fthrust and moment
Mthrust defined in Eqs. (21) and (14), the dynamics in Eq. (22) are exponentially stable according to Proposition 2 in
[17], with the region of attraction characterized by Ψ(R(0), Rd (0)) ≤ ψ1 < 1, where ψ1 is a constant. Furthermore,
although Proposition 2 in [17] requires that the initial attitude error be less than π/2, the attitude error function Ψ is
guaranteed to exponentially decrease [16], and will therefore enter the region of attraction in a finite time, by which
almost global exponential attractiveness of the complete dynamics is shown in Proposition 3 of [17].
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Fig. 3 Block diagram of experimental control loop, showing communication between motion capture, Matlab,
transmitter (Tx) and flight controller (FC)

V. Closed-Loop Experimental Results in Wind Gusts

A. Quadrotor Testbed
Performance of the developed controller was tested experimentally with the quadrotor in Fig. 4b, using motion

capture feedback for position and heading control, and onboard flight-controller sensing for inner-loop attitude control.
The quadrotor is a 210 mm carbon fiber frame with a Matek F405 STD flight controller and Matek FCHUB-6S
power distribution board. Gemfan 5030 propellers are mounted to EMAX RS-2205 motors that are controlled by
EMAX Lightning 20A ESCs. The quadrotor runs Cleanflight open-source software that has been modified to support
flow measurement feedback and run the feedback-linearization controller described above. The flow instrumentation
utilizes custom-built pressure probes, highlighted in Fig. 4b, that provide information through differential-pressure
measurements to sense wind speeds up to 8 m/s [4]. Data from the quadrotor is collected on a micro SD card using
Cleanflight’s Blackbox feature at a rate of 250 Hz.

Position and attitude data are collected in an OptiTrack motion capture facility and streamed to the outer-loop
controller running in Matlab as shown in Fig. 3. Errors, thrust, and desired body axes are computed and passed to the
flight controller through the trainer port of an RC transmitter, where the custom Cleanflight software integrates flow
measurements to solve for the final desired axes and produce the required thrust at each motor. In our experiments, we
cannot directly control thrust, as was assumed in the controller design, so we use a linear fit relating the PWM value
from the transmitter to the force output from the propellers [16] with a slope of 0.021 N/PWM.

Gust rejection testing is performed using a custom gust-generator system, shown in Fig. 4a, consisting of a set of
Dyson fans behind remotely actuated blinds controlled through Labview using an Arduino. Baseline wind speeds are
established prior to flight using a separate Testo 405i hot-wire anemometer, then tests are initialized with the quadrotor
facing the fans such that e1 aligns with b1, with ∆V∞ along −e1. After initialization, the quadrotor is flown to a specific
position where it is commanded to hold station, then the blinds are opened and closed in a square-wave pattern to
produce gusts.

B. Experimental Results
We experimentally compare three inner-loop control approaches: an attitude controller on SO(3) with flow feedback,

the same controller without flow feedback, and the PID controller standard in the Cleanflight software, which also lacks
flow feedback. All approaches use the same outer-loop position control in Section IV, and the inner-loop for each
controller was tuned by hand to achieve a fast response while maintaining stability. Tests in Figs. 5 and 7 are subjected
to a 4 m/s gust in a square-wave pattern with a period of 10 seconds, and tests in Figs. 6 and 8 show gusts at the same
speed with a period of 4 seconds. Figures 5 and 6 show the time series e1 error against the wind speeds measured
onboard by the fore-aft flow probe. Figures 7 and 8 show the position of the vehicle from an overhead view in the e1 − e2
plane on the left, and a side view in the e1 − e3 plane on the right, together showing the full three-dimensional response
of the quadrotor to wind.
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(a) Gust generation system consists of a set of eight Dyson
fans behind remotely operated blinds

(b) Experimental quadrotor vehicle with
flow probes circled in red

Fig. 4 Experimental gust generation system and quadrotor
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Fig. 5 Experimental quadrotor e1 position error in response to 5 s duration 4 m/s gusts in the −e1 direction.
All three controllers use the same outer-loop control, and flow velocity is measured onboard using a custom flow
probe.
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Fig. 6 Experimental quadrotor e1 position error in response to 2 s duration 4 m/s gusts in the −e1 direction.
All three controllers use the same outer-loop control, and flow velocity is measured onboard using a custom flow
probe.
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Fig. 7 Experimental quadrotor position response to 5 s duration 4 m/s gusts in the −e1 direction. All three
controllers use the same outer-loop control.
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Fig. 8 Experimental quadrotor position response to 2 s duration 4 m/s gusts in the −e1 direction. All three
controllers use the same outer-loop control.
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For both flow periods, Figs. 5 through 8 show improvement between the PID controller and the SO(3) controller
without flow feedback, and additional improvement when flow sensing is added to the SO(3) controller. Both the PID
and SO(3) controller without flow feedback show a similar initial error. The PID controller begins moving closer to the
desired position until the gust ceases, at which point the integral feedback in the inner loop leads to overshoot. In the
2 second gusts, the PID controller enters a resonant response and error slowly grows as the test progresses, showing
higher susceptibility to repeated gusts. The SO(3) controller without flow feedback shows very consistent behavior,
returning to the desired position quickly when no wind is present and maintaining a tight offset during each gust. This
behavior is shown in the 5 second gusts in Fig. 7 with the position making two tight circles with and without wind. With
flow feedback, the quadrotor is able to respond directly to the wind, and there is improvement throughout the tests,
with a reduction in initial error and limited overshoot when the gust stops. All controllers hold e2 and e3 position well
throughout both sets of tests, though we do see slightly more movement in the e2 direction for SO(3) control with flow
feedback as compared to SO(3) without flow feedback as the flow feedback controller responds to measurements and
sensor noise in the left-right flow sensor.

VI. Conclusion
This paper describes quadrotor dynamics in wind, augmenting the model with aerodynamic moment and drag terms,

which are addressed through flow sensing and feedback control. The controller is built on the Lie group SE(3), and uses
variable gains to address motor saturation. Experiments are performed using motion capture feedback for outer-loop
position-control and an onboard flight controller that provides attitude feedback. Tests utilize a gust-generation system
consisting of fans behind remotely operated blinds, which are opened and closed in a square wave pattern to produce
gusts. Results show the benefits of adding flow feedback compared to the same controller without flow feedback as well
as the stock PID controller in the Cleanflight firmware. Ongoing work includes flow-feedback validation in outdoor
flight as well as development of flow-aware linear controllers.
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