
Active Singularities for Multivehicle Motion
Planning in an N-Vortex System

Francis D. Lagor1 and Derek A. Paley1,2

1 Department of Aerospace Engineering and Institute for Systems Research,
University of Maryland, College Park, MD, USA

2 dpaley@umd.edu

Abstract. This paper presents a path-planning paradigm for distributed
control of multiple sensor platforms in a geophysical flow well-approximated
by a point-vortex model. We utilize Hamiltonian dynamics to generate
control vector fields for vehicle motion in N -vortex flows using the con-
cept of an active singularity whose strength is a tunable control input.
We introduce active singularities that are virtual point vortices possibly
collocated with virtual point sources or sinks. We provide a principled
method to stabilize relative equilibria of these virtual vortices in the
presence of the actual point vortices, which represent the underlying geo-
physical flow. We illustrate how these relative equilibria may be useful
for vehicle path planning and sampling in a geophysical flow. Preliminary
results presented here are based on an adaptive control design.
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1 Introduction

Distributed environmental sampling is an active field of research [2],[14] due to
its many applications, including contaminant plume localization [23], biological
monitoring [18], and data assimilation in atmospheric and ocean sciences [5],[13].
Significant hardware and sensor improvements [19] as well as algorithmic perfor-
mance guarantees [9],[10] have further encouraged interest. However, there are
open challenges about how mobile sensor platforms can most effectively sample
and interact with strong, circulating flows [3],[10],[11].

Coherent vortices (eddies) in the ocean persist on mesoscales (10 to 500 km)
and submesoscales (1 to 10 km) for weeks or even months and play an important
role in global transport and mixing processes [8]. For example, small-scale (15
km) eddies appeared at the mouth of Monterey Bay during field experiments of
the second Autonomous Ocean Sampling Network (AOSN-II) and contributed
to the overall transport of cold water away from the southern part of the bay
[18]. However, the movement of these eddies could not be correlated with local
wind shear stress [18]. Understanding transport within these flow structures is
possible but requires in situ observations over a large spatiotemporal volume col-
lected by fleets of autonomous vehicles [3],[6],[8],[17]. Underwater gliders, which



are steered, buoyancy-driven, long-endurance vehicles, and drifters, which are
depth-controlled underwater platforms that passively drift, are deployed to re-
duce uncertainties in estimates of ocean processes [14],[16],[20] and to sample
and track oceanographic features [2],[18]. A steered sampling platform such as a
glider that travels within the flowfield of an eddy taking targeted observations
may be even more beneficial than passive drifter, even if the drifter has longer
endurance.

Difficulties in accessing platforms during relatively long ocean-sampling mis-
sions has encouraged research in distributed algorithms that can maximize vehi-
cle endurance, enhance vehicle autonomy, and reduce process uncertainty during
sampling. Hsieh et al. [6] show that steering vehicles to flow patterns such as
(almost) invariant sets can help maximize vehicle endurance. Frew et al. [4] con-
struct Lyapunov-based guidance vector fields for specifying sampling trajectories
that can be tracked by the onboard controller of an autonomous (aerial) vehicle.
Further, focusing measurements on targeted areas [6] and stabilizing multivehi-
cle formations have been shown to help maximize information collection [3] when
sampling geophysical flows that can be modeled using reduced-order methods
such as a point-vortex model.

This paper provides a theoretically-justified motion-planning framework that
accounts for environmental flow effects and vehicle-to-vehicle interactions through
the use of flow singularities. Flow singularities (point vortices, sources, and sinks)
are standard elements of a reduced-order potential flow model that induce nearby
fluid flow but are undefined (singular) at their centers. Distributed algorithms
within this framework are designed to enhance autonomy and to allow sampling
platforms to exploit, whenever possible, the underlying motion of their environ-
ment to maximize endurance in geophysical flows.

The study of vortex dynamics in this paper is an extension of the fundamental
point-vortex work of Chen et al. [1], who show that augmenting a point-vortex
system with dissipation stabilizes relative equilibria (regular patterns that are
fixed points in a reduced configuration space) of the unmodified point-vortex
dynamics [1]. The modification of the point-vortex dynamics to include dissi-
pation is suggestive of control action being applied to the point-vortex system.
Further, we observe that the modified vortex dynamics in [1] represent spiral
vortices (vortices collocated with a sources or sinks) in the presence of a sink
at the origin. These observations lead us to consider spiral vortices as basic
modeling elements of a virtual singularity system in which virtual vortices are
used to guide vehicle sampling trajectories. By manipulating the virtual vortex
strengths, we create active singularities to generate artificial vector fields for ve-
hicle guidance. The actual vortex dynamics (representing the geophysical flow)
and the virtual vortex dynamics are connected via a one-way influence of actual
vortices on the virtual ones.

A point-vortex system possesses Hamiltonian dynamics and exhibits con-
servation of certain physical properties that we exploit in Lyapunov analysis
to obtain analytical guarantees for this motion-planning paradigm. We provide
Lyapunov stability analysis for the vortex dynamics of Chen et al. [1] based



on conserved quantities of the Hamiltonian system. We extend the dynamics of
Chen et al. [1] by showing how the location of the center of the relative equi-
librium can be prescribed. We derive the total Hamiltonian, which is conserved
by the virtual vortices in the actual-plus-virtual vortex dynamics, and use it
to provide Lyapunov analysis demonstrating asymptotic convergence of virtual
vortices to a relative equilibrium. The use of Lyapunov analysis to inform the
selection of a parameter update law is a common theme in adaptive control [22].
As a preliminary example of the efficacy of this motion planning framework, we
employ adaptive control to regulate the value of the total Hamiltonian.

The specific contributions of this paper are (1) Lyapunov analysis of the
nonlinear stability of a relative equilibrium in the dissipative point-vortex sys-
tem introduced by Chen et al. [1]; (2) a novel method for multivehicle motion
planning in the presence of point vortices based on distributed control of active
singularities; and (3) an adaptive control law for stabilizing lattice-shaped for-
mations of sampling platforms around the actual center of vorticity in a point
vortex flow. This work represents a framework in which multivehicle motion
planning is achieved in the presence of idealized flow field dynamics.

The outline of the paper is as follows. Section II explains point vortex dynam-
ics, summarizes the work of Chen et al. [1] on relative equilibrium configurations,
and provides Lyapunov analysis of their model. Section III introduces active
singularities for multivehicle motion planning and provides a Lyapunov analysis
of relative-equilibrium stabilization for virtual vortices. Section IV presents a
Lyapunov-based, distributed control strategy for formations of virtual vortices
based on adaptive control of the singularity strength, including numerical sim-
ulation of motion planning in the presence of an actual vortex pair. Section V
summarizes the paper and ongoing research.

2 Point-vortex dynamics and relative equilibria

In potential flow theory, an irrotational or point vortex is an idealized flow el-
ement that models circulating flow [15]. Since the flow at the center of a point
vortex is undefined, it is called a flow singularity, much like a source or sink.
Let zα = xα+ iyα represent the position of vortex α ∈ {1, . . . , N} in the com-
plex plane and γα > 0 be its strength, which determines the magnitude of the
surrounding velocity field. The N -vortex system is Hamiltonian with [15]

γαẋα=
∂H
∂yα

= − 1

2π

N∑
β 6=α

γαγβ
yα − yβ
|zα − zβ |2

(1)

γαẏα=− ∂H
∂xα

=
1

2π

N∑
β 6=α

γαγβ
xα − xβ
|zα − zβ |2

, (2)

where the Hamiltonian H is

H = − 1

4π

N∑
α=1

N∑
β 6=α

γαγβ log|zα − zβ |. (3)



We elect to use complex variables for compactness and the overbar (·) to
denote complex conjugation. The selection of γk > 0 ensures all vortices have
the same signed circulation strength, preventing the possibility of vortex collapse.
The Hamiltonian dynamics (1) and (2) are equivalent to [12],[15]

γαżα = −2i
∂H
∂zα

=
i

2π

N∑
β 6=α

γαγβ
zα − zβ
|zα − zβ |2

, (4)

where the partial derivative operators are [21]

∂

∂zα
,

1

2

(
∂

∂xα
−i ∂

∂yα

)
and

∂

∂zα
,

1

2

(
∂

∂xα
+i

∂

∂yα

)
.

Let Γ =
∑N
α=1 γα denote the total vorticity. In addition to H, the N -vortex

system conserves the center of vorticity C = Γ−1
∑N
α=1 γαzα and the angular

impulse S =
∑N
α=1 γα|zα|2 [15]. Note, these quantities are analogous to the

center of mass and moment of inertia, respectively, in a point-mass system.
Point vortices have the following relations to other flow singularities: replacing
real circulation strength γα with an imaginary circulation strength iγα with
γα > 0 (resp. γα < 0) produces a sink (resp. source); a complex circulation
strength γα yields a spiral vortex [15].

Although the Hamiltonian dynamics of N vortices in the plane yield chaotic
trajectories [1], Chen et al. [1] show that adding dissipation stabilizes relative
equilibria, which are geometrical configurations of vortices not fixed in an inertial
frame [15]. Here we provide a Lyapunov analysis of the N -vortex dynamics with

dissipation, making use of the conservation of angular impulse S=
∑N
α=1 γα|zα|2

in the construction of a Lyapunov function. We utilize the dissipative vortex
dynamics for controlling the trajectories of actuated vortices in Section 4.

Chen et al. [1] show that relative-equilibrium configurations of the vortex
dynamics (4) are identical to the relative equilibria of the augmented system

(5)żα=
i

2π

N∑
β 6=α

γβ
zα−zβ
|zα−zβ |2

+ µ

1

2π

N∑
β 6=α

γβ
zα−zβ
|zα−zβ |2

−ωzα

,
where µ>0 repesents a gain that governs the rate of convergence to the equilib-
rium configuration. Setting µ=0 in (5) yields the standard Hamiltonian vortex
dynamics [1]; the significance of including µ > 0 is that the solutions of (5)
converge asymptotically to stable relative equilibria of (4), which are rotating
vortex configurations. Chen et al. refer to (5) as a phenomenological model; it
represents dynamics that aggregate the particles into crystalline patterns [1].
Note that when a relative equilibrium is attained, the dissipative term is zero
and the unmodified vortex dynamics are restored [1].

Let R be a rotating reference frame with angular rate ω relative to inertial
frame I, and consider the coordinate change zα = ξα exp(iωt). By the chain



rule, ∂H
∂zα

= ∂H
∂ξα

exp(iωt) and (4) becomes

γαξ̇α = −2i
∂H
∂ξα
− iωγαξα. (6)

The equilibria in R yield the following conditions for relative equilibria in I:

∂H
∂ξα

+
ω

2
γαξα = 0, α = 1, . . . , N. (7)

Note, these conditions are invariant under transformation back to zα, i.e.,

∂H
∂zα

+
ω

2
γαzα =

∂H
∂zα

+
ω

2

∂S
∂zα

= 0. (8)

The key observation is that (5) may be written in terms of the angular
impulse S, which is conserved by the unmodified dynamics, i.e.,

γαżα= −2i
∂H
∂zα

−2µ

(
∂H
∂zα

+
ω

2

∂S
∂zα

)
. (9)

The dynamics (9) consist of a Hamiltonian term and a gradient term. The gra-
dient term suggests a Lyapunov function for asymptotic stability arguments,
provided collisions between vortices do not occur. Consider the candidate Lya-
punov function

V = H+
ω

2
S, (10)

whose dynamics along solutions of (9) are

V̇ =
∑
α

∂V

∂zα
żα +

∂V

∂zα
żα

=
∑
α

2ω

γα
Re

(
−i ∂H
∂zα

∂S
∂zα

)
− 4µ

γα

∣∣∣ ∂H
∂z̄α

+
ω

2

∂S
∂z̄α

∣∣∣2.
By plugging in for H and S and making use of Im

(∑
α

∑
β 6=α zβzα

)
= 0, the

first term vanishes, leaving

V̇ = −
∑
α

4µ

γα

∣∣∣ ∂H
∂z̄α

+
ω

2

∂S
∂z̄α

∣∣∣2 ≤ 0.

This observation leads to the following proposition.

Proposition 1. Suppose γα>0 and zα(t) is a collision-free, bounded trajectory
of (9) for all α = 1, . . . , N . Then zα(t) asymptotically converges to a relative
equilibrium of the vortex dynamics given by (4).

Proof. By assumption, zα(t) is collision-free and bounded. Hence, V is well-
defined for all time and there exists a compact set within which the trajectories
reside for all time. V̇ is negative semi-definite and zero only when (8) is satis-
fied ∀ α = 1, . . . , N . The invariance principle [7] stipulates that the trajectories
asymptotically converge to the largest invariant set for which condition (8) holds;
this set contains the rotating relative equilibria of (4). ut



3 Active singularities for motion planning

The vortex dynamics with dissipation (5) are useful for stabilizing relative equi-
libria. We now exploit this property to create a novel motion-planning paradigm
based on virtual spiral vortices, which are singularities that add dissipation to a
point vortex system. Spiral vortices have complex circulation strength because
of the collocation of a vortex and a source or sink [15]. In this framework, virtual
vortices generate control vector fields that are added to the drift vector field as-
sociated with the fluid flow. The control inputs to the system are the singularity
strengths.

Suppose the trajectories of P vehicles are generated by integrating their
dynamic interactions with N actual vortices and M virtual (spiral) vortices.
Let the actual vortices be located at zα for α∈{1, . . . , N}. Append the virtual
vortex locations zα for α ∈ {N + 1, . . . , N +M} and vehicle locations zα for
α∈{N+M+1, . . . , N+M+P} to form the state vector zα ∈ CN+M+P . Let Γβ
be the (possibly complex) circulation of vortex β =1, . . . , N+M . The dynamics
of the actual and virtual vortices in the active singularity system are

żα =
i

2π

N+M∑
β 6=α

Γβaα,β
zα − zβ
|zα − zβ |2

, α = 1, . . . , N+M, (11)

where the sum is taken over N+M to account for all singularities in the system.
The interaction topology

aα,β=

{
0, if α=β or (α≤N and β>N)

1, otherwise
, (12)

enforces the natural dynamics between actual vortices, whereas each virtual
vortex evolves under the combined influence of the actual vortices and the other
virtual vortices. The vehicle dynamics żα for α = N +M +1, . . . , N +M +P
depend on the association between virtual vortices and vehicles. The association
may be one-to-one, multiple-to-one, involve a fixed virtual vortex, or be a mixed
variant of these strategies. In the remainder of this paper, we assume that virtual
vortices are collocated with vehicles under a one-to-one association.

View the complex circulations {ΓN+1, . . . ,ΓN+M} associated with the virtual
(spiral) vortices as control inputs; the problem is to characterize and stabilize
the desired solutions of (11). Note that because it is necessary to have more
than a single virtual vortex for controllability, the circulation strength Γβ of
virtual vortex β only influences virtual vortex β indirectly. When Re{Γβ}=0 and
Im{Γβ} 6= 0, the active singularity β has radial flow only [15] (i.e., it is a source
for Im{Γβ}< 0 or a sink for Im{Γβ}> 0). When Re{Γβ} 6= 0 and Im{Γβ}= 0, the
active singularity β represents an irrotational vortex. When Γβ=0, β behaves as
a passive (drifting) particle. Observe that if each vehicle is assigned to a virtual
vortex, (11) is identical to (5) with Γβ=γβ−iµγβ for spiral vortices and a fixed
sink of strength 2πµω|zα|2 at the origin. The sink at the origin serves only to
center the relative equilibrium at the origin.



(a) t=1 sec (b) t=10 sec (c) t=20 sec (d) t=100 sec

Fig. 1: Simulating convergence to a relative equilibrium centered at C0 =200+200i

In fact, one may control the center of vorticity C (correspondingly, the center
of the relative equilibrium) to be at a point C0 ∈ C away from the origin. Define
the shifted angular impulse

S ′ =

N∑
α=1

γα|zα − C0|2, (13)

and the modified Lyapunov function

V ′=H+
ω

2
S ′. (14)

The following corollary to Proposition 1 represents a preliminary design consid-
eration for virtual vortex control.

Corollary 1. Suppose γα>0 and zα(t) is a collision-free, bounded trajectory of
(9) with S replaced by S ′ for all α= 1, . . . , N . Then zα(t) asymptotically con-
verges to a relative equilibrium of the vortex dynamics given by (4) and centered
at C0.

Proof. Substituting S ′ into (9) in place of S, using the Lyapunov function (14),
and following the approach of Prop. 1 shows that solutions converge to the largest
invariant set in which (8) is satisfied with S replaced by S ′. This implies C=C0
because (after summing the invariance condition over all α),

∑N
α=1 γα(zα−C0)=

Γ(C−C0)=0. ut
Figure 1 illustrates the time evolution of virtual vortices from a random initial
arrangement to a rotating relative equilibrium centered at C0 =200+200i.

We now consider the actual-plus-virtual vortex system. Suppose the actual
vortices interact according to their own natural dynamics (4) and the virtual
vortices have dynamics

γαżα = −2i
∂Hc
∂z̄α

− 2µ

(
∂Hc
∂z̄α

+
w

2
γαzα

)
, (15)

for α = N+1, . . . , N+M , where

Hc=−
1

2π

N∑
α

N+M∑
N+1
β 6=α

γαγβ log|zα−zβ |−
1

4π

N+M∑
N+1
α

N+M∑
N+1
β 6=α

γαγβ log|zα−zβ |.



For µ= 0, it can be shown that the virtual vortices conserve Hc even when in-
teracting with the actual vortices (omitted for brevity). In the active singularity
system, the dynamics (15) asymptotically stabilize relative equilibrium config-
urations of the virtual vortices in the presence of actual vortices, which are
themselves in relative equilibrium. The formulation (15) of the path-planning
problem gives rise to a Lyapunov-based control design in which one selects the
dissipative terms to asymptotically stabilize a desired vehicle configuration for
environmental sampling. In the following result, we make use of the conserved
quantity Hc to suggest a candidate Lyapunov function.

Define the candidate Lyapunov function

Vc=Hc+
ω

2
Sc, (16)

where the angular impulse of the virtual vortices Sc is

Sc=

N+M∑
α=N+1

γα|zα|2. (17)

The actual vortices contribute time-varying terms to the virtual vortex dynam-
ics. However, in the rotating frame R, the actual vortices appear fixed. Hence,
changing coordinates yields

V̇c =

N+M∑
α=N+1

−4µ

γα

∣∣∣∂Hc
∂ξα

+
ω

2

∂Sc
∂ξα

∣∣∣2 ≤ 0,

leading to the following proposition.

Proposition 2. Suppose γα>0 and zα(t) is a collision-free, bounded trajectory
of the virtual vortex dynamics (15) for all α=N+1, . . . , N+M , in the presence of
actual point-vortices in relative equilibrium. Then zα(t) asymptotically converges
to a relative equilibrium configuration of the actual-plus-virtual vortex system.

Proof. Proceeding in the same manner as Prop. 1 and applying LaSalle’s invari-
ance principle [7] shows the virtual vortices converge to the largest invariant set
that satisfies condition (7) withH replaced by Hc, which is a relative equilibrium
configuration fixed in rotating frame R. ut

Figure 2(a) illustrates the stabilization of relative equilibrium for M = 20
virtual vortices (blue) under the dynamics (15) in the presence of an actual vortex
pair (green). Observe that the virtual vortices surround the origin and naturally
separate into a rotating formation. The size and shape of the formation depend
on the virtual and actual vortex strengths γα and the initial conditions. Figures
2(b)–(e) display simulation results of a set of weaker virtual vortices achieving a
different configuration. Note that during convergence to the relative equilibrium,
virtual vortices move along the flow streamlines while also interacting with each
other. This choice of circulation strength yields two separate sampling groups
located within the invariant regions of the flow generated by the actual vortex
pair.



(a)

(b) t=10 sec (c) t=25 sec

(d) t=50 sec (e) t=150 sec

Fig. 2: (a) Actual-plus-virtual vortex system in relative equilibrium in frame R;
(b)–(e) Simulation of weaker virtual vortices undergoing relative equilibrium
stabilization in the presence of an actual vortex pair

4 Adaptive control design

The use of Lyapunov analysis to inform the selection of a parameter update law
is a common theme in adaptive control [22]. We employ this technique for the
selection of a circulation-strength update law in the following example applica-
tion of the path-planning methodology. Preliminary results show convergence to
a desired level set Hdc of the controlled Hamiltonian Hc.

Consider the candidate Lyapunov function

V dc =
1

2

(
Hc−Hdc

)2
. (18)

For simplicity of exposition and also to avoid virtual vortices having opposite
signed circulation strengths, we restrict γk = γ > 0 for this example. Along
trajectories of (15), the Lyapunov function (18) yields

V̇ dc =
(
Hc−Hdc

)[ N+M∑
α=N+1

∂Hc
∂ξα

ξ̇α +
∂Hc
∂ξ̄α

˙̄ξα +
∂Hc
∂γ

γ̇

]

=
(
Hc−Hdc

)[ N+M∑
α=N+1

−4µ

γ

∣∣∣∂Hc
∂ξ̄α

∣∣∣2− 2ω

γ

(
µRe

{
∂Hc
∂ξ̄α

∂Sc
∂ξα

}
+Im

{
∂Hc
∂ξ̄α

∂Sc
∂ξα

})
+
∂Hc
∂γ

γ̇

]
.



Fig. 3: Formations of virtual vortices under adaptive circulation control

The following choice of adaptation rate γ̇ provides negative semi-definiteness of
V̇ dc . In particular, choosing

(19)

γ̇ =

(
∂Hc
∂γ

)−1[
−
N+M∑
α=N+1

(
−4µ

γ

∣∣∣∂Hc
∂ξ̄α

∣∣∣2 −
2ω

γ

(
µRe

{
∂Hc
∂ξ̄α

∂Sc
∂ξα

}
+Im

{
∂Hc
∂ξ̄α

∂Sc
∂ξα

}))
−K

(
Hc−Hdc

)]

results in V̇ dc ≤ −K
(
Hc−Hdc

)2
, where V̇ dc = 0 only when the invariance condi-

tion Hc−Hdc ≡ 0 holds.
Choosing the circulation of the virtual vortices to have the same sign as the

actual vortices prevents the (∂Hc/∂γ)
−1

term in (19) from becoming singular
as long as |zα−zβ |>1 for all pairs α, β due to the log(·) terms in ∂Hc/∂γ. If is γ
bounded, which remains to be shown, the invariance condition implies that Hc
converges toHdc , but it enforces nothing else about the configuration. The virtual
vortices interact according to (15) in a rotating frame. A sufficient condition for
maintaining a constant Hc value is for the second term in (15) to vanish, since
the virtual vortices conserve Hc when µ = 0. Although µ 6= 0, the second term
can still vanish if the rotating equilibrium condition is satisfied. In fact, virtual
vortices converge to relative equilibrium configurations rotating at angular rate
ω, as illustrated in the following numerical experiment.

Figure 3 displays a numerical simulation of the adaptive control algorithm
for M = 20 virtual vortices in the presence of two actual vortices. Figure 3
shows the desired Hdc signal (blue) and actual Hc signal (red). Inset plots are



snapshots of the virtual vortices (blue) in the presence of the actual vortices
(green) in frame R. Virtual vortices interact with each other and the actual
vortices during movement to the relative equilibrium. Additionally, the vortices
form concentric disk formations influenced by the physical flow environment. For
the Hdc values chosen, the virtual vortex disk-like formations enclose the actual
vortices, with disk size controlled by the specified Hdc value. The locations of the
virtual vortices in each configuration do not necessarily have exact symmetry,
because the configuration in Hdc is not unique.

5 Conclusion

This paper describes a distributed motion-planning paradigm for sampling appli-
cations in vortical flow environments. This paradigm enables theoretically justi-
fied control laws whose stability properties are ensured by virtue of a Lyapunov-
based design that leverages the underlying Hamiltonian structure of the vortex
dynamics. The approach employs fluid-like interactions between physical and
virtual vortices based on the Hamiltonian dynamics. Gradient dynamics cause
the virtual vortices to converge to relative equilibria configurations. We provide
an adaptive control to regulate a collection of virtual vortices. Refinement and
extension of this methodology to account for vehicle-specific constraints, time-
varying and uncertain flows, track feasibility, and communication delays are all
subjects of ongoing work.
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