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Quadrotor helicopters show great promise for a variety of missions in com-
mercial, military, and recreational domains. Many of these missions require flight
outdoors where quadrotors struggle, partially due to their high susceptibility to wind
gusts. This dissertation addresses the problem of quadrotor flight in wind with (1)
a physics-based analysis of the interaction between the wind and the quadrotor, (2)
the addition of flow sensing onboard the quadrotor to measure external wind, and
(3) both linear and nonlinear control development incorporating flow sensing and
taking aerodynamic interactions into account. Using flow measurements in addi-
tion to traditional IMU sensing enables the quadrotor to react to the wind directly,
rather than delaying until the wind affects the rigid-body dynamics as with IMU
sensing alone.

The aerodynamic response of a quadrotor to wind is modeled using blade
flapping, which characterizes the tilt of the rotor plane a result of uneven lift on the

blades. The model is validated by mounting a motor and propeller to a spherical



pendulum and subjecting it to a wind gust. The blade-flapping model is utilized
in a nonlinear geometric feedback-linearization controller that is built in a cascaded
framework, first developing the inner-loop attitude controller, then the outer-loop
position controller. The controller directly cancels the forces and moments resulting
from aerodynamic disturbances using measurements from onboard flow probes, and
also includes a variable-gain algorithm to address the inherent thrust limitations on
the motors. A linear model and controller is also developed, using frequency-domain
system-identification techniques to characterize the model, and handling-qualities-
criteria based optimization to select gains. A linear model of the aerodynamic
interactions, based on the blade-flapping work, provides flow-feedback capability
similar to the nonlinear controller. Experimental testing is performed for each of
the developed controllers, all of which show improvement through the use of flow
feedback. Attitude is tested independently by mounting the quadrotor on a ball-
joint, allowing for both gust and saturation testing. Gust rejection is also tested
for both linear and nonlinear controllers in free flight, showing further benefits than

considering attitude alone.
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Chapter 1: Introduction

1.1 Motivation

Quadrotor unmanned aerial systems (UAS) are powerful tools for commercial
and military applications, and are often preferred over fixed-wing aircraft and single-
main-rotor helicopters due to their mechanical simplicity and ability to hover. The
ability to hover and vertically take off and land allows quadrotors to fly in more
constrained environments than fixed-wing aircraft, and the use of fixed-pitch rotors
that do not require a swashplate mechanism makes quadrotors simpler to build
and maintain than single-main-rotor helicopters. Their utility has already been
demonstrated in missions such as surveying farmland and aiding in natural disasters
[1,2], and recently a multirotor helicopter was even used to deliver a transplant
organ [3].

As they continue to prove their effectiveness in relatively predictable environ-
ments, work is ongoing to extend their mission capability, including sensing and
perception for unknown environments [4-6], aerobatic behavior [7,8], hardware fail-
ures [9], and transportation of suspended loads [10,11]. A lingering challenge is flight
stability in gusty winds [12], [13]. Quadrotors are particularly vulnerable to wind

disturbances due to their small size and low inertia [14]. This research addresses



the challenge of wind through the use of sensing, modeling, and control. I use a
model of the aerodynamic interaction between the propellers and wind, paired with
onboard flow sensing and feedback control, to improve the stability of quadrotors in
unsteady winds, which contributes to the long-term goal of reliable outdoor flight
in windy conditions. A goal of this work is to identify the degree of model fidelity
required to accurately represent the rigid body system and the moment resulting

from wind for use in feedback control.

1.2 Relation to State of the Art

This work addresses flight stability of quadrotors in windy conditions through
the addition of flow sensors that are used in the feedback control to directly address
the resulting aerodynamic forces and moments. A variety of other methods address-
ing flight in wind have also been employed, including distributed accelerometers and
strain sensing [4], flow sensors for a sense-and-avoid architecture [5], control design
specifically for wind turbulence on quadrotors [15], and robust control [16]. Gremil-
lion et al. use distributed accelerometers to directly estimate and subsequently ad-
dress the forces and moments acting on the vehicle [4], and also show benefits
by adding strain sensors to the quadrotor frame in [17]. Berrios et al. use the
Control-Equivalent-Turbulence-Input (CETI) model from [18] that identifies motor
inputs replicating the effect of actual turbulence to design a gust-rejecting controller.
The CETI model is used to optimize gains based on handling qualities criteria in

CONDUIT® software, resulting in a controller that is inherently robust to distur-



bances containing frequency content typical of turbulent wind [15]. Kun et al. design
a linear matrix inequality-based nonlinear adaptive robust controller that is able to
guarantee performance under bounded external disturbances such as constant winds
and wind gusts [16]. Yeo et al. use flow probes to measure downwash from another
quadrotor to estimate its position, then avoid the resulting disturbance to achieve a
safe trajectory [5]. The same flow probe hardware is used in this work to identify the
magnitude and direction of an oncoming gust, which is addressed directly through
the use of aerodynamic force and moment models.

The aerodynamic interaction of quadrotor propellers with wind is modeled
here using the blade-flapping phenomena more commonly associated with full-size
single-main-rotor helicopters [19]. When a helicopter flies forward, one side of the
rotor advances into the oncoming wind, while the other side retreats from the wind,
which leads to an increase (resp. decrease) in dynamic pressure and lift on the
advancing (resp. retreating) side. The dissymmetry of lift yields a moment on the
rotor blades that causes the blades to flap out of the plane of the hub, tilting the
rotor plane and imparting a moment on the hub. Many quadrotors are able to
maintain acceptable performance without including the effects of blade flapping
[7,8,20,21], for example, by using an uncertainty block for a robust controller [16].
However, improving performance in unsteady winds requires an accurate model of
the aerodynamic interactions to incorporate into the feedback control of attitude
and position, allowing the controller to address the wind gusts directly.

In this work, I seek to model the underlying physics of the blade-flapping

effect on quadrotors in order to gain a better understanding of the behavior and



effectively address the forces and moments acting on the vehicle, accounting for the
effects of both vehicle translation and external winds. The importance of incor-
porating blade flapping and other aerodynamic effects into quadrotor models has
been recognized previously [22-27]. There are several key differences that separate
this work. First, I explicitly use flow sensing to counteract aerodynamic moments
on the vehicle, whereas in other prior work, blade flapping and other aerodynamic
effects are addressed using velocity measurements, excluding the external airflow.
Motivated by the underactuated nature of the quadrotor, wherein the inputs do not
allow the vehicle to directly address disturbances in the plane of the rotors, other
works focus on translational effects by accounting for the drag-like effects of blade
flapping; here I focus on both rotational and translational effects. Furthermore,
the majority of other blade-flapping models assume a teetering-rotor [23-25], which
does not fully describe typical quadrotor systems including the one used here. Kai
et al. [26] and Martin et al. [22] use lumped-parameter models that do not provide
a detailed description of the underlying physics of the system. Hoffmann et al. [27]
account for the moment produced by blade flapping in addition to the linear force,
but not the effect of linear inflow, which in this work was found to be necessary for
an accurate model.

The feedback controller described here relies on flow measurements from on-
board multi-hole probes, which are used to estimate the aerodynamic forces and
moments on the quadrotor. By using flow measurements as well as inertial sensing,
the controller can react to the wind before the resulting aerodynamic moment prop-
agates to the quadrotor’s dynamics, which yields benefits compared to relying on

4



inertial sensing alone. Work validating the benefit of flow feedback was performed
previously with a one degree-of-freedom pitching test stand [28]. The flow-sensor
package consists of fore and aft, and left and right facing probe pairs connected to a
microcontroller unit through flexible tubing (a single fore and aft pressure probe is
used for attitude testing). The microcontroller measures pairwise differential pres-
sure, and transmits a digital signal to the flight controller corresponding to the
horizontal wind components in the body frame.

Though this work uses flow probes to enhance the performance of a quadrotor,
onboard flow probes have also been used for wind characterization, particularly in ur-
ban environments. Prudden et al. test the effect of quadrotor inflow on anemometer
measurements to establish the required offset of the onboard anemometer relative
to the propellers in order to avoid data corruption from the inflow [29]. Bruschi
et al. design and investigate the performance of a novel anemometer with two-
dimensional sensing, primarily for wind field characterization [30], which also shows
potential for use in flow-feedback like that presented here. Thorpe et al. mount a
sonic anemometer on a multirotor helicopter for use as a mobile wind field charac-
terization system in urban environments, enabling the anemometer to be positioned
anywhere in the wind field rather than relying on a static measurement system [31].

The nonlinear flight controller on which I build the flow-feedback design uses
feedback linearization and takes advantage of the geometric Lie group SFE(3) fol-
lowing [32], with the addition of thrust constraints. Compared to other quadrotor
control approaches, such as PID [33,34], robust [16,35], adaptive [8,36], and opti-

mal [37] control, feedback linearization allows the controller to cancel the aerody-



namic forces and moments directly. Developing the kinematics on SFE(3), which is
a compact set representing the configuration space of the orientation and position
of a rigid body, avoids the singularities associated with FEuler angles and allows for
potentially global solutions.

In order to establish stability guarantees for the feedback-linearization con-
troller, rotor thrusts must not saturate. Cao and Lynch [33] and Roza and Mag-
giore [38] approach thrust saturation using the nested-saturation method from Teel
[39], which is designed to address saturation in the case of a chain of integrators.
Cao and Lynch [33] bound the roll and pitch angles of the system as well as the
thrust by placing limits on system inputs, whereas Roza and Maggiore [38] place
the bound on thrust only. Cutler and How [34] address saturation by choosing a
trajectory that keeps the system states within the bounds required to avoid thrust
saturation. This work uses the method of Pappas et al. [40] to bound the thrust
on the system in order to guarantee stability when the feedback linearization alone
does not saturate the thrust, and also employs a novel variable-gain algorithm to
reduce the stabilization effort when the stabilizing gains would otherwise saturate
the motors.

In addition to the nonlinear, variable-gain controller developed in this work,
a traditional linear PID controller is also developed to show the benefits of flow
sensing on a controller that has been optimized for gust rejection independently of
the additional flow-feedback. Typically, gain tuning for quadrotor PID controllers is
achieved with a trial-and-error methodology, where nominal gains are chosen based

on experience, then tested in flight and adjusted as necessary. Trial and error may



yield an initially unstable platform, but is often successful due to the mechanical sim-
plicity, structural integrity, and low cost of replacement parts for quadrotors. More
recently, an approach generally used to evaluate full-scale helicopter stability and
performance based on handling qualities metrics has also been pursued [41], which
involves first identifying a linear model of the vehicle, then designing a controller
such that the vehicle meets the desired handling qualities specifications. A system-
atic approach that uses CIFER® software [42] for frequency-domain system iden-
tification and CONDUIT® software [43] for controller gain optimization has been
used in [15,44]. The linear controller presented here also relies on CIFER® and
CONDUIT® software for model identification and controller optimization, using
handling quality specifications informed by [15,41,44]. Additionally, I incorporate
flow feedback using the sensors described above and linear force and moment models

based on system identification techniques as well as blade-flapping analysis.

1.3 Contributions of Dissertation

This dissertation makes contributions to the understanding of quadrotors in
wind, and control and sensing methodologies to address gust rejection. A number of
papers based on this work have been presented in conferences [45-48], and another
has also been submitted to a journal [49]. The response of a quadrotor in wind is
studied through a first-principles analysis of the blade-flapping response of a small,
stiff propeller in uniform wind. The propeller causes the most complex aerodynamic

interaction on the quadrotor; thus, establishing a theoretical understanding of how



propellers on this scale respond to wind is imperative to allow for meaningful treat-
ment of flow measurements. The developed first-principles model is compared to
experimental data to identify model parameters and to establish a reduced model
that highlights the essential terms of the blade-flapping model. Finally, the ac-
curacy of the model is demonstrated using additional experimental results from a
spherical pendulum with a motor and propeller mounted at the end, referred to as
a rotor-pendulum. The rotor-pendulum shows the dynamic response of a propeller
to a wind gust, which confirms model predictions.

The propeller aerodynamics are included in the model of the quadrotor rigid-
body dynamics, yielding a more accurate system description in the presence of wind
disturbances, and allowing the aerodynamic effects to be addressed through feed-
back control. An existing nonlinear geometric feedback-linearization controller is ex-
tended to account for the aerodynamic forces and moments predicted by the model,
where flow measurements are provided by small, lightweight onboard flow sensors.
The controller also employs a variable-gain algorithm that insures thrust bounds
are respected while allowing for arbitrarily large stability gains. This ensures that
the motors maintain the desired direction of the moment on the vehicle, enabling it
to more safely and accurately follow a prescribed trajectory. The merit of adding
flow-sensing to the controller is experimentally demonstrated in attitude-only and
free-flight configurations.

Parallel to the work with nonlinear control, the benefit of adding flow sensing
to a disturbance-rejection optimized linear controller is also investigated. A linear

model is developed using frequency-domain system-identification techniques. The



corresponding controller is optimized using desired handling qualities criteria, which
characterize stability, performance, and actuator usage. A linear term based on the
blade-flapping results is included in the model to address aerodynamic disturbances,
yielding improved performance in experimental free-flight gust testing through the

use of flow feedback.

1.4 Outline

The outline of this work is as follows. Chapter 2 provides background infor-
mation to be used throughout the work, describing quadrotor dynamics, the flow
sensing system, and the experimental testbed. Chapter 3 develops the blade flap-
ping model that describes the aerodynamic moment on the quadrotor, and also
describes modeling and testing with a two degree-of-freedom rotor-pendulum test
stand. Chapter 4 develops the inner- and outer-loop controllers for the quadrotor,
the thrust saturation algorithm, and provides results from simulation. Chapter 5
describes the linear controller development, including system identification, con-
troller design, and controller optimization. Chapter 6 shows experimental results
for each of the controllers designed in this work and discusses the advantages and
disadvantages of adding flow sensing to each of the controllers. Finally, Chapter 7

summarizes the dissertation and highlights conclusions drawn from the work.



Chapter 2: Background

2.1 Quadrotor Dynamics

This work investigates attitude and position control of a quadrotor in six
degree-of-freedom (DOF) flight. Define inertial reference frame Z £ (O, ey, ey, e3)
in an east-north-up orientation and body reference frame B = (O', by, by, bs) in a
forward-left-up orientation. Let the position of the center of mass O’ of the quadrotor
relative to the inertial reference frame be given by x € R3 and the orientation of
the quadrotor relative to the inertial frame be represented by the rotation matrix
R € SO(3), where SO(3) is the special orthogonal group. The full state of the
quadrotor is represented by x x R € SE(3), where SE(3) is the special Euclidean
group. The translational velocity of the quadrotor relative to the inertial frame
is v = x, and the angular velocity of the quadrotor relative to the inertial frame
expressed as components in the body frame is € = [p,q,7]?7. Bold capital letters
denote vectors in body frame components, lowercase bold letters denote vectors in
inertial components, a B superscript represents a body-frame derivative, and no

superscript indicates inertial-frame derivatives. Using rigid-body kinematics and
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Euler’s laws, the translational and rotational dynamics are

X =V
mv = —mges + fthrust + faer‘o
(2.1)
R = R

JQ = —QJQ + Miprust + Macro,

where m is the mass of the quadrotor, g is the gravitational force, fip ust = finrustP3
is the total thrust generated by the vehicle, and f,.,, is the aerodynamic drag force
on the vehicle from both the propellers’ induced drag and the drag on the body. J
is the moment of inertia matrix, assumed to be diagonal due to the symmetry of the
quadrotor. Moment M;,,..¢: i due to propeller thrusts and M,,,, is the aerodynamic
moment due to interaction between the rotors and the wind. (The wedge operator
A denotes the matrix representation of the cross product, such that for any vectors
x and y in R3, Xy = x x y. The vee operator ¥ extracts the corresponding vector
in R3 from a skew-symmetric matrix.)

The quadrotor vehicle is modeled as two perpendicular uniform beams of
length ¢ attached at their centers to create four arms, with one rotor located at
the end of each arm, as in Fig. 2.1. Rotors are located at position dbs above each
arm, where d < ¢/2. The moment of inertia is J = diag{m(?/12+2m,,,(*, m,(*/12+
2, 02, mel? 6+ 4m,,0*}, where my is the mass of each cross beam of the quadrotor,
¢ is the motor-to-motor length of each cross beam, and m,, is the mass of each mo-
tor. Rotors are assumed to spin about the bs axis, with rotation directions shown

in Fig. 2.1. This choice of rotor rotational directions results in zero net torque in
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Figure 2.1: Quadrotor reference frames: 7 is the inertial frame, B is the body frame,
U is the wind frame. The flow probe is situated at point P and u; is aligned with

the horizontal component of the wind V

the by direction under nominal conditions with each rotor operating at the same

speed and no outside aerodynamic forces.

2.2 Onboard Flow Sensing

The multi-hole probe P is positioned above the quadrotor’s center of mass O’
to reduce the effect of the vehicle drag and propeller inflow on the probe, and so
the quadrotor’s rotation must be taken into account when determining the wind
velocity at O'. The vector measured by the flow probe is V.o, the inertial wind
velocity in body-frame components is V., the quadrotor translational velocity in
body components is V, the location of the probe relative to the center of mass is

Xprobe, and the contribution of the quadrotor rotational velocity is QXpmbe. The

12



value measured by the probe is
Vprobe - Voo -V - QXprobe' (22)

Let AVoe = Voo =V =V, e+ QXpmbe denote the velocity of wind at the center of
mass of the quadrotor. Note, Eq. (2.2) assumes the probe measures all three vector
components of the wind in the body frame; in the experimental testbed, only the
b; and b, components are measured.

The flow instrumentation utilizes custom-built pressure probes, highlighted
in Fig. 2.3, that provide information through differential-pressure measurements to
sense wind speeds up to 8 m/s. The flow probes are made aluminum tubes, bent
at a 90 degree angle and set opposing each other. The airspeed is related to the

differential pressure through by the following equations [5]:

w1 2P = 1Y)
p
(2.3)
o o [P Py
p

where scaling factors L, and L, are determined by calibration, and L; accounts for
gravity and unit conversion. Figure 2.2 shows the accuracy of the calibrated flow
probes to a ground-truth Testo 405i hot-wire anemometer. Values at high wind
speed show good agreement, and low speed values where the onboard probe is less
accurate are acceptable because low wind speeds will yield only a small disturbance
on the quadrotor. In addition to magnitude accuracy, Yeo et al. [5] also showed

directional accuracy with less than 15% error.
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Figure 2.2: Flow probe calibration

2.3 Experimental Testbed

Performance of the developed controller is tested experimentally with the
quadrotor in Fig. 2.3, using motion capture feedback for position and heading con-
trol, sensing from the IMU on the onboard flight-controller for inner-loop attitude
control, and flow sensing to inform aerodynamic terms. The quadrotor is a 210 mm
carbon fiber frame with a Matek F405 STD flight controller and Matek FCHUB-6S
power distribution board. Gemfan 5030 propellers are mounted to EMAX RS-2205
motors that are controlled by EMAX Lightning 20A ESCs. The quadrotor runs
Cleanflight open-source software that has been modified to support flow measure-
ment feedback and run the feedback-linearization controller described in this work.
Data from the quadrotor is collected on a micro SD card at a rate of 250 Hz using

Cleanflight’s Blackbox feature.
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Figure 2.3: Experimental quadrotor vehicle with flow probes circled in red

Implementing the controller and sensors on the Cleanflight software requires a
number of modifications. Converting the standard PID controller to the feedback-
linearization controller described in this work involves adding the blade-flapping
solution to produce the aerodynamic moment, as well as updating the motor inputs
to reflect the feedback linearization inputs. The IMU file is also modified to include
functions that operate on rotation matrices for use in the feedback linearization
algorithm. Additionally, the mixer file relating transmitter input to motor input is
updated to reflect the desired thrust input, as identified in Fig. 2.5. Interfacing with
the flow sensors requires significant updates to the Cleanflight software. Dedicated
flow files are created to define communication protocols and conversions from the
digital signal to flow speed. Additionally, parameters, features, sensors, and tasks
are added to the Cleanflight software to support serial communication with the flow

sensors. Finally, the configurator graphical user interface is also updated, allowing
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Matlab estimates velocity

and rate, solves for 64, FC solves for input 6,

‘ 8, q, A,

A Tx sends command to FC
FC senses 0, q, A,

Output

— W«
 —
Motion capture senses position and orientation

Figure 2.4: Block diagram of experimental control loop, showing communication

between motion capture, Matlab, transmitter (Tx) and flight controller (FC)

the user to engage with the flow sensing functionality. A detailed account of the
modifications to the Cleanflight software are listed in Appendix B.

Position and attitude data are collected in an OptiTrack motion capture facil-
ity and streamed to the outer-loop controller running in Matlab as shown in Fig. 2.4.
Errors, thrust, and desired body axes are computed and passed to the flight con-
troller through the trainer port of an RC transmitter, where the custom Cleanflight
software incorporates flow measurements to solve for the final desired axes and pro-
duce the prescribed thrust at each motor. For attitude-only experiments, only the
inner loop in Fig. 2.4 is automated, with the thrust set by the user to compensate
for the vehicle weight, and other inputs left at their desired nominal stick input
values.

A teetering test-stand was built to enable correlation of the PWM signal pro-

vided to the motors to the resulting thrust. On the teetering stand, one side is
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Figure 2.5: Linear fit of rotor thrust to experimental data

attached to the quadrotor, and the other rests on a scale. The transmitter PWM
and corresponding gram-force on the scale produce the relationship in Fig. 2.5 with
a slope of 0.021 N/PWM, after adjusting for the number of rotors and converting
to Newtons.

Gust-rejection testing is performed in the motion-capture facility using the
gust generator system in Fig. 2.6, consisting of a set of Dyson™ fans placed behind
remotely actuated blinds. Blinds are required for the system to produce gust inputs
because the transient response produced by modulating the power of the fans is
not fast enough to represent gust-like inputs desired for this work. The blinds are
controlled by an Arduino to produce a desired profile programmed into LabVIEW
software. Square-wave inputs are best suited for the blinds because the blinds

redirect the flow rather than affecting the wind speed itself, meaning that a gradual
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Figure 2.6: Gust generation system consists of a set of eight Dyson fans behind

remotely operated blinds

input to the blinds does not lead to a gradual change in wind speed. During each of
the tests, wind speed is established by an independent Testo 405i anemometer prior

to testing in addition to using the onboard flow probes. Additional information on

the gust generator system is available in [50].
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Chapter 3: Blade Flapping and Rotor-Pendulum Dynamics

Addressing flight stability in gusts begins with understanding the dynamic
response of the quadrotor to wind disturbances. This is done by modeling the
blade-flapping response of the quadrotor propellers to oncoming wind, which is then
used to calculate forces and moments at the hub of the propeller. The models are
validated experimentally by comparing to a rotor-pendulum test-stand subjected to
a wind gust. This work was presented in the 2016 ASME Dynamic Systems and

Control Conference [45].

3.1 Rotor Dynamics

This work utilizes a rotor-pendulum to investigate the effect of wind on a small,
stiff propeller. The rotor-pendulum is a variation of the gyro-pendulum, which is a
spherical pendulum with a rapidly spinning mass on the mobile end that causes the
system to precess and nutate. Figure 3.1 shows the rotor-pendulum system: a gyro-
pendulum with the spinning mass replaced by a propeller. Consider inertial reference
frame Z = (O, ey, €5, e3) and intermediate frame A = (O, a;, ay, a3), where az = e3
and a; -e; = cosf. Spherical frame B £ (O, by, by, bs) satisfies by = a; and by-a; =

cos ¢. The hub frame is C £ (O, ¢, ¢y, c3), where c3 = by and ¢, - by = cosv. Let
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Figure 3.1: Reference frames of the rotor-pendulum

N, represent the number of propeller blades and the superscript ), where n = 1,2,
or 3, denote the blade index, so that frame D™ £ (H™ a{ d{” d{") has origin
at the blade hinge, and rotates about c, by the flap-angle 3. (The blade index ™
is included only where needed for clarity.) Let r denote the displacement along the
length of the blade of a point P with respect to O’, and dr be the differential position.
The differential forces, moments, and mass are denoted Fdr £ dF, Mdr £ dM, and
mdr £ dm, where the quantities F, M, and m are each measured per unit length.
The blade-flap angle is derived under the assumption that O’ is fixed in inertial
space and the blade rotates around the hub in the c3 direction at a constant rate
w such that wt = v, where 1 is the blade azimuth. (The assumption that O’

is fixed is relaxed later in the analysis of the rotor-pendulum system.) Let rp,or
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denote the position of blade-element P with respect to O; fvpo = % (rp0)

and Iap/O/ — (ZVP/O/> denote the inertial kinematics. Figure 3.2 denotes the

dt

hinge offset e = ||ry/o/||; R — e = ||rg/ul| is the length of the portion of the blade
beyond the hinge and r — e = ||rp/y|| is the distance from the hinge to point P.
Let Sg = sin 8 and C3 = cos 3. Using the cross product with the angular velocity

Tl = wey (Tw = fa; + ¢by + wes, where = ¢ = 0 due to the fixed hub) to

differentiate the unit vectors c¢; and co, the inertial kinematics are

rp/or :(6 + (7’ — e)Cg)Cl + (7‘ — 6)55(33 (31)

Tpjor == (r —e)fSser 52)

+(e+ (r—e)Cslwes + (1 — e)BCgcg

Tapjor =[=(r — €)(BSs + f°Cp) — (e + (r — €)Cp)w’]cr
(3.3)

—2(r — e)/BWSBCQ + [(r — e)BCB —(r— 6)5255]03.

Figure 3.2 shows the differential forces on the blade element at P: dF} is the
tension force; dFy is the sum of the lift and drag components in the c;—cy plane;
dFj5 is the sum of the lift and drag components in the c;—c3 plane; and gdm is the
weight. Assuming the forces between the hub and the hinge are negligible, the total

differential force acting on a blade element is

ng_—T}) =(—=dF\Cs — dF3Sp) ¢; + (—dFy) ¢y (3.4)
3.4

+ (—dFlS'/B + ngCﬁ — gdm) C3.

Equating the mass times the acceleration (3.3) with the force (3.4) in the

c3 direction according to Newton’s second law yields the differential tension force
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Figure 3.2: Blade-flapping free-body diagram

dFy, which is used in the angular-momentum form of Newton’s second law in the
sequel. The angular momentum of the point P with respect to O’ is Thpo =

I .
rP/O’ X (dm VP/OI)7 1.e.,

1
Thp/or = dm[—(r — e)eSpw — 5(1" — €)% Sqpwcy

+ dm|—(r — €)% — (r — e)eCj]c, (3.5)

+ dm|(e + (r — e)Cp)*w]cs.

The above equations are used to derive the blade-flapping equations for a ro-
tor with a fixed hub, using the angular-momentum form of Newton’s second law in
Appendix A to provide continuity and consistent nomenclature. Additional blade-
flapping derivations can be found in [51] and [52] by Chen, which include develop-
ment for a dynamic hub.

A goal of this work is to use the simplest physics-based model which sufficiently
captures the behavior of the system. As such, this development begins with the
equations for a fixed hub. A linear inflow model is added to the fixed-hub equations
in order to correctly predict forces and moments as identified in experiments. Terms
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related to the rolling and pitching of the hub have not been added, though they may

be included if necessary for future applications.

3.2 Rotor-Pendulum Dynamics

3.2.1 Full Model

Figure 3.3 introduces two additional reference frames to describe the aerody-
namic forces, which depend on the magnitude and direction of the wind as well
as the phase delay of the propeller. Let V., represent the velocity of the wind in
the inertial frame and Av,., represent the velocity of the wind experienced by an
observer at point O in the spherical frame (due to the combination of the wind and
the motion of point O'). Define the wind frame U = (O’,u;, uy, u3), where uz = b
and uy is the direction of the component of Av., in the plane perpendicular to
bs. Also consider the phase-delay frame V = (O', vy, vy, Vvs), where v = uz and
vy - uy = cos ¢p (v corresponds to the direction of maximum flapping).

The hub forces in the plane perpendicular to bg, i.e., Fé, 2 Fo — (Fo -bs)bs,
are a combination of the tilt of the thrust vector and the drag forces on the blades.
Starting from (3.4), and averaging the force over an entire revolution, the planar

hub force is

N 2 T '3
Fi = 2—7:/0 [/o (—dFyco-up) wy —/ SﬁdF?»cl} dip, (3.6)

where ¢y - u; = —95,. While not practical for online calculation, (3.6) is solved sym-

bolically in order to achieve high accuracy. Using two blades in both simulation and
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Figure 3.3: Rotor-pendulum ¢/ and V frames

experiment, the differential blade tension forces dFl(l) and dFl(Q) cancel out because
dFl(l) = —dFl(z), leaving only the dF, and dF3 components. The dF3 component
is calculated from GemFan 5030 propeller experimental thrust data at a range of
speeds; the dFy component arises from induced drag.

The dF; term in (3.6) is converted from the C frame to the V frame, which
does not rotate with . From (A.18), § responds as a once-per-revolution sinu-
soid B(v) = Po + BmazSw—ep). Making the small-angle assumption based on the

calculated magnitude of f,,4z, (3.6) becomes

FJO_/ =

27 T
%/0 {/0 (dFySy) wy — (Bo + BmasSiw—op))

X/ (Clp—gp)Vi + Sty—gp)Va) dFs | di).
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Due to the nature of the sinusoidal terms, the force along v; resulting from dFj in
(3.7), as well as all forces due to [y, integrate to zero over one full rotation, leaving
only the vy component.

Quadrotors experience high induced drag, which results from the lift force and
induced angle of attack (both found in (A.8)). The specific value for induced angle
of attack used in (4.39) is found by applying (A.9) to (A.8), then neglecting wé(r—e)
and pwrSCy, (because E and /3 are small), which yields a;,g = arctan(X;/(r'+uSy)).

Induced drag is the only non-negligible component of differential force dF5, thus

dF, = %p(wr —(c3-wy) (Ave - wy)) e Cpcx, .. S

a Veff ™~ Qind

dr. (3.8)

There also exist bluff-body drag forces acting in the direction of the wind
on the swept area of the rotor and the pendulum rod. The bluff force on each

component is

Toluff —

1 A R
F = —p||Av]? (Avoo : b37r772) CpppAve,
2 (3.9)

1 ~ R
Fiuy = 5ollAVal (AVa - i) o, AV,

where Avy, = Avy/||Ava||, w is the rod width, ¢ is the rod length, and the
drag coefficient Cp,, = 1.28 [53] is taken by approximating each component as a
three-dimensional flat plate.

The moment on the hub in the plane perpendicular to bg, i.e., Mé, £ My —
(Mo - b3)bs, is derived from the spring, hinge offset, and the pitching moment of
the airfoil. The lift and weight forces do not transmit a moment to the hub due to

the nature of the hinge, leading to their absence in the following moment equation
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as compared to (A.2). The moment in the plane perpendicular to by is

N 27 T
M}, _2—; / [k55+esﬁ / dFl} cadt)

/ / dM1C1 Uy UQd@ZJ

where ¢; -uy = S,. Similar to (3.6), (3.10) is solved symbolically in order to achieve

(3.10)

high accuracy.
Converting the first half of (3.10) from the rotating C frame to the V frame as

in (3.6) and applying the small angle assumption to [ yields

Nb 21 T
Mg, 25/0 Kkﬁe/e dFl)

X (ﬁO + ﬁmaafs(w—qﬁD)) (S(¢,¢D)V1 — C(Tl}*qﬁD)V?) dw (3.11)

2m J, 0

The moment along v, from the first half of (3.11) and the moment due to fy integrate
to zero over one full rotation, leaving only the v; component.

The centrifugal or tension differential force dF;, = rw?dm is found by equating
the ¢; components in (3.3) and (3.4), applying small-angle simplifications to trigono-
metric terms involving 5, and assuming that B and 3 are negligible in comparison
to w.

The differential moment dM; on the hub due to the airfoil pitching is calculated
by approximating the shape of the Gemfan 5030 airfoil as a thin, cambered 4-
digit 5502 NACA airfoil, and using the calculation for this shape to determine the
coefficient of blade pitching moment [54, pp. 275-278| and [55, pp. 113-114]. The

blade-pitching differential moment is

1
AMy = Sp (wr = (e2 ) (A - w))* e gpadr, (3.12)
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where ¢, /2 is the blade pitch moment coefficient per unit span at the half chord.

3.2.2 Reduced Model

In order to reduce the complexity and number of parameters while retaining
the essential behavior of the system, we neglect the tilt of the thrust vector SzdF3,
the moment due to hinge offset eSzdFi, and the airfoil pitching moment dM;, as
they have a relatively small overall effect (for the parameter values used here), as
compared to the induced drag force dF; and the hinge spring moment kgf. Thus,

(3.7) and (3.11) become

N 27 7
Fé,z—b/ / dFySuydy), (3.13)
2m J, 0
and
Nb 27

The induced angle of attack in the induced drag (4.39) is also simplified by
assuming uniform inflow (which has shown to be sufficiently accurate for this term,
compared to the flap angles where linear inflow was necessary), using the mean
velocity of the blade, neglecting the change in velocity due to wind, and assuming
the angle is small, such that a;,q = 2\g. Additionally, we assume a constant effective
angle of attack a,,, = 0y + (3/4)0 — Qing, which eliminates the need for online

multivariable integration, and yields the following equations from (3.13)—(3.14):

Ny
F5 ~ Ibpc Crat,;; Sasnaw (AVo - up)uy, (3.15)
and
N
My, ~ Tbkﬁﬁmmvl. (3.16)
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Furthermore, the blade-flapping equations (A.15-A.17) are simplified by as-
suming €’ = 0 (no hinge offset) and ignoring all 5 multipliers on the right-hand side
as each of these are small and contribute little to the solution. The simplifications
reduce (A.15)—(A.17) to a concise set of equations that is no longer implicit. In fact,
with explicit flapping equations and no other parameters dependent on 5y, we no

longer need to calculate [y, and the remaining parameters are

Bie ~ Sy Aok, (3.17)
<v§ 1)
Bt (A g, — (3.18)
1s 4 (Vé _ 1) 3 0 tw 0 /- .

Using forces and moments from (3.6), (3.10), (3.13), and (3.14), both the full
and reduced models are compared to experimental force and moment data from a
motor and propeller in a wind tunnel, taken by an ATI Nano 17 six-axis Force-
Torque transducer, with flow speed measurements provided by a Thomas Scientific
Traceable hot wire anemometer. Choosing ¢/ = 0.1 and kg = 3 Nm/rad yields the
results in Figs. 3.4 and 3.5, which show agreement between model and experiment
data in both the magnitude and direction of forces at a propeller speed of 8000
rpm over a range of wind speeds. The reduced model varies only slightly from
the full model, and remains well matched to the experimental results. Though the
simplifications eliminate all forces on the hub in the by direction in the model, the
measured force is small compared to that in the b; direction, and may be ignored.
The full model of the force in the b; direction overpredicts the magnitude of the force
at this particular wind speed due to the difficulty of fitting both forces and moments
over a range of wind and propeller speeds. Thus, ignoring terms for the reduced
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Figure 3.4: Hub force in wind: model/data comparison

model yields a closer fit to experimental data for the by force. This experimentally
validated model produces estimates of the moment on the propeller for wind speeds
up to 6 m/s. Higher wind speeds have been explored using flap-angle visualization
on wind-tunnel data, yielding Fig. 3.6, which shows flap angles of over one degree
for wind speeds above 15 m/s. The  upper limit shown on the plot represents the
flap angle that produces a moment sufficient to saturate the motors when addressed

in the feedback-linearization controller described in the sequel.

3.2.3 Rotor-Pendulum Equations of Motion

The simplified forces and moments derived above are applied to the rotor-
pendulum in Fig. 3.7, where For = Fé/ + CpdFsc3 and Mo = Mé/ + 7c3, and T

is the magnitude of the moment produced by motor torque. Figure 3.7 also shows
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Figure 3.7: Rotor-pendulum free-body diagram

the force —(m,, + m;)ges due to the weight of the motor and rotor at the hub, the
force —myges due to the weight of the rod, and the bluff-body forces.

The position of the point O" with respect to O is ro//0 = ¢bs and the corre-
sponding inertial velocity is Zv, /0 = (db, + €95¢b2. The angular velocity of frame
B with respect to T is Tw?® = 9a3 + ¢b2 = —95¢b1 + (be + 90¢b3, and the angular
velocity of the rotor is Zw® = Zw?B + wbs. Let m,, and m; be the mass of the motor
and rotor, respectively, and I, and I the moment of inertia matrices for the rod
and rotor, respectively. The total angular momentum of the system with respect to

origin O is

Tho =1/ WP + 10 x mi vy
(3.19)

+ LTIUJC + ro//o X (mm + m,:) IVO//O
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and the moment about O is

14
Mo =My + §b3 X (—mége:% + Fszuff)
(3.20)

+ gbg X (—<mm + m;)ge:; + FO/ —+ Ffbluff) .
Assuming that the angular velocity of the rotor w is sufficiently large such that

B may be ignored in the calculation of Zw®, and defining

the angular velocity Zw
mo = my, + ms, the equations of motion for the system resulting from Euler’s

second law are

. 1 Me o [+
0 = [—MO by + — 7% (00¢ + w)
me ) /2
(5 +mor) 25, 3 (3.21)
—2 (mO/ + %) €2¢90¢:| — CRPéa
. 1 my 949
( 34 =+ TTLO/) g 3 (322)

+ (mO, + %) ges(b—%f?és(ﬁ (9@ + w) } — Card,
which include rotor-pendulum damping term (rp, representing the natural damping
of the bearings, wires, and other components of the physical system. When aero-
dynamic forces and rotor-pendulum damping are ignored, (3.21) and (3.22) reduce
to the gyro-pendulum equations [56, pp. 469-471]. In order to simulate the forces
and moments in MATLAB, the wind vector is used to identify u = |[|Av||/(wF),
[, and the U and V frames, which are used with the above calculations to produce
M.

Equilibrium analysis is performed by setting [0, 6, 6,47 = 0 in (3.21) and
(3.22), assuming small angles such that the magnitude of the wind velocity compo-
nent in the plane of the rotor is constant, and using the parameters listed in Tab.

3.1. When V,, = 0 m/s, the rotor-pendulum hangs at the downward equilibrium
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Table 3.1: Rotor-Pendulum Model Parameters

Parameter Name Value Units
C, airfoil lift slope 27 []
Ao avg. inflow ratio 0.075 []

¢ blade damping coef. 0.026 []
Is blade inertia 1.8 x 1079 |  kgm?
Vg blade scaled nat. freq. 1.9 []
Ot blade twist -6.6 deg
c chord length 0.015 m
p density of air 1.225 kg/m3
e effective hinge offset 0.1 []
kg hinge spring const. 3 Nm/rad
0% Lock number 1.04 []
M motor mass 0.018 kg
N, number of blades 2 []
Crp pendulum damp. coef. 1 []
l rod length 0.254 m
My rod mass 0.043 kg
w rod width 0.01 m
6y root angle of attack 16 deg
mi rotor mass 0.0027 kg
7 rotor radius 0.0635 m
Wa, spring nat. freq. 1290 rad/s
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[0eqs Peq] = [0°,180°], whereas Vi, = —3e; m/s yields an offset to the side and in
the direction of the wind with [f.y, ¢eq] = [19°,186°]. Using state vector [0, 8, ¢, $]”

and solving numerically for the Jacobian matrix, the linearized equations of motion

using Vo, = —3e; m/s and w = 8000 rpm are
0 0 1 0 0 6
d 18 —45.5 —1.38 —4.68 —15.1| |0
° - . 2
dt (3:23)
b 0 0 0 1 ¢
) —0.0339 0.146 —44.2 —1.03| |¢

The eigenvalues of this system are (—0.5344-5.97i, —0.534—5.97i, —0.668+7.45i, —0.668 —
7.457), showing exponential stability with moderate oscillations. Although the ma-
trix values differ when varying wind speed with constant w, the eigenvalues remain
in similar locations. Thus, using the above parameters, the rotor-pendulum with-
out wind settles to the downward vertical, whereas the rotor-pendulum with wind
converges to an off-vertical angle approximately 19° from the wind direction.

The rotor-pendulum is simulated using (3.21) and (3.22) in the presence of a
step wind input with the rotor-pendulum initially hanging downward. Figure 3.8
shows the simulated trajectory of the end of the rotor-pendulum projected on the
horizontal plane, from the perspective of looking down at the hanging pendulum.
As expected, with no wind at all, the rotor-pendulum simply hangs downward.
As the magnitude of the gust increases, the vertical offset angle and magnitude of
oscillation increase, with the rotor-pendulum settling over time to the equilibrium
value in the center of the oscillation. As the wind increases, the angle 6 about the e
axis reduces slightly due to the bluff body force, more closely aligning the pendulum

34



0.08 w

—4m/s wind
0.06 - |—3m/s wind i
' 2m/s wind
—1m/s wind
0.04 ——0m/s wind |
o ¢=180°
0.02 | 1

E V-

—_ Or S S
'0-02 [ (z)i 180° B
-0.04 - 1
-0.06 1 ]
-0.08 ‘ ‘ ‘

-0.1 -0.05 0 0.05 0.1

(S31 [m]

Figure 3.8: Simulated rotor-pendulum results

to the wind direction.

3.3 Rotor-Pendulum Experimental Results

In order to validate the rotor-pendulum model, an experimental stand (Fig. 3.9)
was built and tested in a known wind field produced by a set of blower-style Dyson
fans (Fig. 3.10), with the system response identified using 18 OptiTrack motion-
capture cameras. Tests were initiated in the downward position and performed with
a rotor speed of 8000 rpm and wind velocities of 0 m/s and —3e; m/s. In order
to verify the aerodynamic effects on the rotor, a disk with equal moment of inertia
was constructed using a 3D printer and also tested at both wind speeds to help iso-
late the effect of the propeller’s lifting surfaces. As expected, when testing without

wind, both the rotor and disk exhibit stable equilibria at ¢ = 180° and arbitrary
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Figure 3.10: Test stand with gust generation system
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side-offset 6. Under a constant —3e; m/s wind, the stable equilibrium point for
the experimental stand with the rotor is [feq, ¢eq] = [20°,190°], and with the disk
iS [feq, eq) = [6°,182°]. This result shows substantial influence of the propeller’s
lifting surfaces compared to the effect of bluff-body drag alone.

To test a dynamic response, a wind step input from 0 to —3e; m/s was gen-
erated by opening the blinds between the fans and the test stand in Fig. 3.10 with
the fans running throughout the test. Figure 3.11 shows the experimental results in
comparison to the theoretical results under the same conditions.

Without the lifting surfaces of a rotor, bluff-body drag moves the disk only
slightly, and in the direction approximately parallel to the wind direction as ex-
pected. The propeller also moves primarily in the direction of the wind, but to a
much greater extent, and progresses in an inward spiral pattern as it reaches an equi-
librium angle. This result shows the influence of the lifting surfaces of the propeller
in wind: creating a higher moment, which also yields slight movement in the —es
direction. Theoretical and experimental results show strong agreement, indicating
the importance of linear inflow calculations in blade-flapping analysis. Slight inac-
curacy between the model and experiment is likely due to unmodeled aerodynamic

complexity.
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Figure 3.11: Model/data comparison for rotor-pendulum experiment
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Chapter 4: Nonlinear Control of Quadrotor Attitude and Position

The models of aerodynamic forces and moments in Chapter 3 enable the de-
velopment of a controller capable of addressing wind gusts directly. Inner- and
outer-loop controllers are developed separately, with simulated results presented for
each. A variable-gain algorithm is also presented to address thrust constraints.
The position and attitude control architecture is shown in Fig. 4.1, with the sepa-
rate inner- and outer-loop controllers that are detailed below the dotted line. This
chapter contains work presented in the 2017 ASME Dynamic Systems and Control

Conference [46], as well as the 2019 ATAA SciTech Forum [48].

4.1 Attitude Control Design with SO(3)

By representing the kinematics using rotation matrices in the Lie group SO(3),
I extend the controller in [32] with flow feedback to produce a flow-aware attitude
controller that achieves nearly global stabilization while avoiding singularities asso-

ciated with Euler angles. The configuration error function [57]
1
U(R, Ry) = St (I - RIR), (4.1)

is locally positive definite when the angle between R and Ry, defined by 60 =
arccos((Tr(RYR) — 1)/2), is less than 7 [32]. The angle is less than 7 when
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Figure 4.1: Position and control architecture
U(R, Ry) < 2, which occurs almost globally. The attitude tracking error eg is [32]

(RTR — R"R,)",

DN | —

(4.2)

€er =

which is derived from the configuration error function. The angular-velocity tracking
error is [32]

eq =0 — RTRQ,. (4.3)

Note d(RLYR)/dt = (RY R)éq, when compared to (2.1), shows eq is to R R as Q is
to R.

I employ the development of the aerodynamic moment on the propeller hub
from Section 3.2 and Appendix A to the complete quadrotor, and describe Mé, in
the U frame:

Ny

2
o [ Koy (Conis + Sopua)ds
0

M3, ~
o 2

(4.4)
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which integrates to

N,
Mé/ ~ gkﬁﬁm“((]@ul + S¢DUQ). (45)

When solving for the total aerodynamic moment on the quadrotor, counter-rotating

pairs cancel the u; component to yield
Maero - [4kﬂﬁmaXS¢Du2 : bla 4kﬁﬁmaXS¢Du2 : b27 O]T (46)

The thrust moment is determined based on the position and rotation for each motor.

Using the "X” configuration for the quadrotor in this work, the thrust moment is

B2(_Ty — Ty + T3 + Ty)

Miprust = %(Tl —To+T3—-Ty) | > (4.7)

I em(Ty — Ty — T3 + Ty) |
where ¢, is a coefficient relating the thrust produced to the torque of the motor,
found empirically to be approximately 0.0085 Nm/N for the testbed described in
Section 2.3.

The system is stabilized using the thrust moment in (4.7) to address attitude
and rate errors. The 3-DOF quadrotor attitude stand is overactuated, allowing
specification of any desired configuration of three angles. In fact, in order to avoid

redundant controls, three inputs are defined corresponding to the three degrees of

freedom in the system:
vy = —T1 —T2+T3+T4
Vy = T1 — T2 + T3 - T4 (48)

V3 = Tl—TQ—T3+T4.
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Taking 7j to be the nominal thrust in hover yields
1
T1 = T() + Z(—Vl + 1y + V3)

1
T2 = TO -+ Z<_V1 — UVy — Vg)

) (4.9)
T3=To+1( v+ vy — U3)
1
T4:T0+Z( V1—V2‘|‘V3),
which implies
T
02 /2
Mthrust = [%_Vla %—y% Cmy?)] (410)

The equations of motion for the 3DOF quadrotor test-stand using the error

dynamics are [46]

(tr [R"R4] I — R"Ry) eq (4.11)

N | —

er =

and

6q = J! (-QJQ My + M) + QRTRQ, — RTR,,. (4.12)

Define H = diag{¢v/2/4,¢v/2/4,em} and v = [v1, v, v3]", then choose [46]

v = H1J|: — krer — kqeq — J! (—QJQ + Maem>
(4.13)
— QRTR,Q, + RTRde]

such that

Mthrust = - JkReR - JerQ + QJQ - Maero
(4.14)
y (—QRTRde v RTRde> .

When (4.14) is inserted in (4.12), the angular-velocity error dynamics become [46]

ég = — kReR — erQ. (415)
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The following result is proven for a system with time varying parameters and

thus extends to this system with time varying wind velocity Vo =8 Vo (2).

Proposition 4.1 ( [32] Exponential Stability of Attitude Dynamics) Consider the
control moment Myps defined in (4.14) for any positive constants kg, kqo. Suppose

that the initial condition satisfies

W(R(0), Ra(0)) <2
(4.16)

lea(0)]” < kr(2 = Amin(J) U (R(0), Ra(0))),

2
)\min(J)
where Amin(J) is the minimum eigenvalue of the inertia matrixz J. Then, the zero

equilibrium of the attitude tracking error egr, eq is exponentially stable. Further-

more, there exist constants oo, Po > 0 such that
U(R(t), Rg(t)) < min{2, ape '}, (4.17)

The conditions in Proposition 4.1 are satisfied almost globally, as long as R(0)
and R4(0) differ by less than 7. Additionally, from (4.16), the initial bound on the
attitude rate error can be increased by increasing kg.

Considering the inherent limitations of the motors and propellers, the thrust
of each propeller is saturated above by some maximum thrust 7., and below by

zero, i.e., 0 <T; <Tha, j=1,...,4.

Lemma 4.2 Let 7" = min(Tax — 10, 7p) > 0. We have T; < Tyax, for all j =

1,...,4, provided that

|vi| + [vo] + |va] < 4T (4.18)
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Proof. (The proof is shown for T3, but may be adapted for the other propellers.)

From (4.18), we have

AT < —vy + vy + v < AT, (4.19)
which implies
1 4.20
—To S Z(_Vl —+ 1%} + 1/3) S Tmax — To. ( . )
Rearranging (4.20) yields
1 4.21
0§T0+Z<—V1+V2+V3) STmaX ( . )

and, substituting terms from (4.9), yields

0<T) < Thax. (4.22)
O

Pappas et al. [40] show that, given a feedback-linearizable system with bounded
input @ = f(z) + g(z)u, |u| < M, stabilizing control can be achieved if the portion
of the input dedicated to feedback linearization is less than the upper bound, i.e.,
lg7 (z)f(z)] < M. In order to apply the results from [40] to our system, define
8 = [01,00,05)7 2 H ' J[—J 1 (—=QJQ + Mepo) — QRTRyQy + RTRQy) and u =
[uy, uz, us)T & H-1J[—krer — kqeq], such that v = & + u. I use & to represent the
cost of feedback linearization of the error dynamics, and u to represent the stabilizing
control. In the following proposition, € > 0 represents the control authority available
for stabilization.
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Proposition 4.3 If the cost of feedback linearization & satisfies

101 + |02] + |85] < AT — e, (4.23)

then the error dynamics of the input-constrained system Eqns. (4.11) and (4.15) are

exponentially stable by proposition 4.1.

Proof. Insert v = § + wu into (4.18) to obtain

|01 + ur| + |02 + ug| + |03 + uz| < 4T, (4.24)

which is satisfied if

|01] + [02] + [05] + |ua] + |ua] + Jus| < 4T". (4.25)

Rewriting (4.23), we find

101] + 0| + |05] + € < 4T". (4.26)

Comparing (4.26) to (4.25), if we choose ki and kg such that

Jur | + Jua] + Jus| < e, (4.27)
then the inputs will satisfy (4.18) and, by lemma 4.2, the thrusts will not satu-
rate. If (4.16) is also satisfied, then with positive gains kg and kq chosen to satisfy
(4.27), proposition 4.1 is satisfied, and the zero equilibrium of the tracking error is

exponentially stable [32]. O

4.2 Three Degree-of-Freedom Attitude Simulation

I now investigate conditions under which Proposition 4.3 is satisfied so that the
system may be stabilized. Consider a station-keeping scenario, such that €2; = 0,
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which leads to § £ H _1(QJ Q — M,ero). When represented in matrix components,

2[(Jy — J3)qr — 4kgBmaxSppuz - bi]

5 = %[(Jg — Jl)pT — 4kﬁﬁmaXS¢Du2 . bg] . (428)

o (J1 = J2)pg

From the symmetry of the quadrotor, note J; = Jy and J3 = 2J;, such that

%[—Zqur — 4k56maXS¢Du2 . bl]
0= %[QleT — 4k5,8maXS¢DUQ . bg] : (429>

0

When applied to (4.23), we have

1 2J 4
_[_2J1pr_4k56maxs¢pu2 : bZ] S _lpT + _kﬂﬁmax S T/ - Ea
14 1 14 4
(4.30)
1 2J 4 €
‘Z[2J1qr_4kﬁ6maxs¢pu2 by < 71617’ + Zkﬂﬁmax <T — 1

Thus, when the system experiences zero angular velocity, the flapping angle
must satisfy Smax < ¢1"/(4ks) =~ 1.1° using the system parameters listed in Table 4.1
corresponding to the experimental testbed. A combination of theoretical and ex-
perimental results are used to identify the wind velocity corresponding to this flap
angle. Theoretical results have been validated up to 6 m/s using an ATI Nano 17
six-axis Force-Torque transducer [45]. Experimental values for high-speed flow were
gathered using high-speed cameras and image processing techniques [58]. Figure 3.6
shows the values for each, indicating that the quadrotor will reach the bound on
Pmax i1 a 15 m/s wind gust.

From the condition on angular velocity in (4.30), when the system experiences
zero wind, angular velocities must satisfy pr < ¢1"/(2J;) and qr < ¢1"/(2.J;), which
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correspond to pr < 50 rad/s? and gr < 50 rad/s® for our parameters. Attitude
bounds are satisfied when p, ¢, and r are each less than 7 rad/s or, alternatively,
when p and ¢ are less than 50 rad/s and r, which is not critical for station holding,
is less than 1 rad/s.

In order to show the effectiveness of the controller, it is tested with and without
saturation under the same conditions. (Note that the system model used here for
testing is the full aecrodynamic model from [45] rather than the simplified model used
to design the controller.) Using the parameters in Tab. 4.1, a repeated edgewise 20
m/s 1-cosine gust is applied, shown in Fig. 4.2. The quadrotor’s initial attitude is
R(0) = I and rates are Q(0) = [0,0,0]”, with Ry = I and Q4 = [0,0,0]”. The
response is shown in Fig. 4.3, with the corresponding control effort in Fig. 4.4. The
quadrotor response to nonzero attitude rates is also shown in Fig. 4.5 with no wind,
R(0) = I, with Ry = I and Q4 = [0,0,0]?, using initial rates of Q(0) = [5,5,5]7,
with the corresponding control effort in Fig. 4.6. Attitude response figures use a
logarithmic vertical axis to more effectively show differences in the configuration
error function.

Attitude and control plots show the system with and without saturation, and
with and without flow sensing. Figure 4.3 shows lower error in the system with
flow sensing, and no difference between saturated and unsaturated thrusts. The
controller is able to effectively reject the gust without saturating the thrusts, so
the saturated and unsaturated systems show identical results. Figure 4.3 shows
that the system in the presence of repeated gusts exhibits predictable deviations

and returns to the equilibrium value with no destabilizing effect due to repetition.
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Table 4.1: Quadrotor Model Parameters

Parameter Name Value Units
Ay quadrotor frontal area 0.02 m?
Cp quadrotor drag coef. 0.8 []
Ci, airfoil lift slope 27 []
Ao avg. inflow ratio 0.075 [

l beam length 0.21 m
my beam mass 0.03 kg
¢ blade damping coef. 0.026 []
Is blade inertia 1.8 x 1075 |  kgm?
Vg blade scaled nat. freq. 1.5 []
Ot blade twist -6.6 deg
c chord length 0.015 m
p density of air 1.225 kg/m?
e effective hinge offset 0.1 []
kg hinge spring const. 3 Nm/rad
vy Lock number 1.04 []
m quadrotor mass 0.510 kg
M, motor mass 0.018 kg
Cm motor torque coefficient 0.0085 []
Ny number of blades 2 [
Tinax propeller max thrust 3 N
To propeller nom. thrust 1.3 N
w propeller nom. ang. vel. 12,000 rpm
0o root angle of attack 16 deg
m, rotor mass 0.0027 kg
r rotor radius 0.0635 m
W, spring nat. freq. 1290 rad/s
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Figure 4.2: 20 m/s 1-cosine wind gust profile
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Figure 4.3: 20 m/s wind gust response, 2(0) = [0, 0, 0]”
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Figure 4.6: Control effort for Q(0) = [5, 5, 5], no wind

The value of the configuration error function is very low with and without flow
sensing, and when converted using the angle from the Euler axis, corresponds to
approximately 0.3 degree error in the case with flow sensing versus 2 degree error in
the case without flow sensing. Figure 4.4 shows very similar control efforts between
different conditions, changing only based on flow sensing. Without flow sensing
the actuators respond marginally later and with slightly higher magnitude; a small
change in actuation that causes nearly an order of magnitude difference in peak
angular error. While the steady state error can be mitigated with an integrator in
the controller, both systems will experience a similar initial error, thus the controller
with flow sensing will continue to show improved performance.

In Fig. 4.5, nonzero initial rates cause initial deviation, then gradual return

to equilibrium. In the cases without thrust saturation, the result is identical due
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to the absence of external flow over the vehicle, and the system quickly settles to
a very low error. The rapid settling is due to an initial actuator response over
five times greater than what is physically realizable, shown in Fig. 4.6. In the
case with saturation, although the cost to feedback linearize the system does not
saturate the inputs, the controller is unable to achieve the same control authority
as the unsaturated cases. Input saturation effectively reduces the gains and results
in larger initial deviations and a longer settling time, but nonetheless returns the
system to equilibrium, showing that we can expect successful stabilization for the

physical system under actuator limitations.

4.3 Variable-Gain Algorithm

The bound on the stabilization effort in (4.27) to keep the motors from sat-
urating due to the stability gains may be addressed in practice through a variety
of methods. One method is to use static gains and simply allow the system to
saturate when the linearization effort or gains are too high. Although this is easy
to implement and may be successful in many circumstances, the portion designed
to linearize the system will not be preserved as motors saturate, and the intended
direction of the moment on the vehicle may be altered.

Another approach may be applied by estimating the maximum disturbance on
the system to solve for the available control authority €, estimating the maximum
errors e and eq on the system, then choosing gains kr and kg such that the inputs

do not exceed the estimated maximum control authority €. This approach will be
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successful up to a predetermined limit, and preserve the direction of the desired
moment on the vehicle, but will generally result in conservative gains and possibly
a slow system response.

A third approach uses the mathematical development above to monitor the
linearization effort resulting from kinematics and aerodynamics and adjust the stabi-
lizing gains in real time such that the motors do not saturate, which will also preserve
the direction of the moment on the system. Using variable gains avoids putting ad-
ditional bounds on the linearization effort and system errors, and can also provide
higher gains when sufficient control authority exists (compared to choosing overly-
conservative gains to avoid saturation). Gains are varied using multiplier k,,,q such
that the total control input v = § + k,,,.qu, where d represents the cost of feedback
linearization of the error dynamics, u represents the stabilizing control, and k,,,q is a
multiplier such that k,,,qu will use all available stabilizing control authority without
exceeding thrust constraints. The algorithm requires two steps. The first step is to

solve for the value of k,,,q for each of the four motor inputs that will use all available

. . . —AT)—Ti;  ATmax—ATo—T;
control authority for that input, i.e., kpoq, = ( 1‘5 —— “ ), where
Ty
A

Ty, & =61+ 0y + 03, Th, = —uy +ug +us, and 71, = —v; + v, + v3 from Eqn. (4.9),
and likewise for each of the other thrusts. Second, the smallest of the four values
of Knod; is chosen such that only one input reaches the constraint, and the others
remain within limits, i.e., kynoq = min(kneq, ). Additionally k,,.q is restricted to
0 < kpoq < 1 such that the nominal gains are used when sufficient control authority
exists. Note that I have not adapted the stability analysis in [32] to account for dy-

namic gains, thus the stability guarantees only hold when sufficient authority exists
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to use the nominal gains.

Corollary 4.4 If (4.23) is satisfied and v = & + kpoaw, With kyeq = min(ky,q,) and

—4Ty _Ti(g 4Tmax—4To _Ti§

Kmod; = max < ot T >, then (4.27) is satisfied and Prop. 2 holds for

arbitrary positive kr and kq.

Proof. 1If equation (4.23) is satisfied, then from [40], positive stabilizing gains kg

1 iti —ATo—T;; ATwmax—4To—T;
and kq exist. The condition k,,,q, = max ( o Ty | Mlinax p
3

iu

) implies
—4Ty — Th, < by, < 4(Tnax — To) — T,
(T1,) (T1,)

(4.31)

with gain scaling factor k,,,q, constrained to be positive to maintain the sign of the

gains. This expression can be further rearranged as
- 4CTO - TL; S kmodi <T1u> S 4(Tmax - TO) - T157 (432)
and
- 4T0 S ﬂg + kmodi (Eu) S 4(Tmax - TO) (433)

By the definition of T}, T;,, and T;,, with v = & + ky.qu, it follows that

u?

1
- TO S Zﬂy S Tmax - T07 (434)
which can be rewritten as
1
0<T;="To+ ZT’zV =T; < Thax- (435)

Thus, (4.9) is satisfied for arbitrary choice of kr and kg for each individual motor.
Choosing kyeq = min(kpeq,) ensures that the most conservative scaling factor is
applied to all motors such that none exceed the thrust bound. O
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Investigating thrust saturation in simulation allows us to test conditions that
we cannot produce on the test stand. Parameters for the quadrotor are shown in
Tab. 4.1. We simulate the attitude-only case with initial conditions = [8,8, 8|7
rad/s, where the effort to linearize exceeds the bounds, as well as Q = [4, 4, 4] rad/s,
where the system does not saturate due to linearization effort, but the stability
gains are sufficiently high to saturate the system. For each initial condition, we
simulate the quadrotor without bounding the thrust, and with bounded thrust with
and without variable gains. Figure 4.7 shows each initial condition, where different
colors represent different bounding cases, and different line styles correspond to the
two different initial conditions. The quadrotor angle in the first plot is the axis-angle
representation of the rotation matrix R. The motor thrust for the unbounded case
is shown on its own in the middle plot so that the differences in the low-thrust static
gain and variable gain cases are highlighted in the third plot.

When the thrust is not bounded, the system reaches equilibrium much faster
and with a significantly smaller deviation, though the thrust from one motor reaches
over 40 N, compared to the actual limit of 3 N for each individual motor. More
interestingly, all cases with bounded thrust stabilize, even when the linearization
effort exceeds the thrust bounds and allows no initial stabilizing control. In the
moderate case, Q = [4,4,4]" rad/s, we see very similar performance for attitude
stabilization; for the more aggressive case, Q0 = [8,8,8]T rad/s, static gains show
slightly better performance. This outcome is likely due to the lower norm for the
variable gain case that occurs because the nominal motor thrust, 1.3 N, is not in the

middle of the thrust range, 0-3 N. Thus, the lower bound can saturate more easily
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Figure 4.7: Effect of thrust saturation with multiple initial conditions, top: quadro-
tor angle, middle: maximum motor thrust for the unbounded case, bottom: maxi-

mum motor thrust for bounded cases

and, in order to maintain the desired direction of the moment on the vehicle, an
artificially lower limit is placed on the upper bound. While static gains show better
performance here, the input is restricted to be a moment, so the higher available
authority leads to improved performance. However, in the free-flight case shown in
the sequel, the addition of the total thrust as an input complicates control allocation

such that the variable-gain approach becomes more effective.
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4.4 Position Control Design with SE(3)

The outer loop of the cascaded controller design extends [32] with the addi-
tion of the aerodynamic drag force. It operates by solving for the position errors,
then prescribing the magnitude and direction of the thrust through bs and £,
The desired b, direction is prescribed independently of ;... and bs. The thrust
force and axis directions are transmitted to the inner loop, where desired roll and
pitch angles are determined based on bs,, with the desired yaw angle determined by
by,. For position control, it is no longer assumed that the average thrust 7j is con-
stant, which may be incorporated in the above stability analysis without additional
modification.

The desired attitude R, input to the inner-loop controller is chosen based on

the position and heading error of the quadrotor. Tracking errors are defined as [32]

e, =X — Xy,
(4.36)
€y =V — Vg,

where x; and v, are the desired position and velocity, respectively. For a given

smooth tracking command x,4(t), and positive constants k, and k,, define [32]

_kmew - kvev + mges + mj.(cl - faero
b3

_ 4.37
¢ H_kmex - kvev + mges + m)"(d - faero” ’ ( )

where it is assumed ||—k,e, — k,e, + mges + mXy — fuer0|| # 0, and the aerody-
namic drag term f,.,, is included as follows.

The drag force results from bluff body drag on the quadrotor as well as induced
drag from the propellers such that f,.., = fyiu s + fing. Define Ay as the frontal area
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of the quadrotor and Cp as the drag coefficient of the quadrotor. Bluff-body drag
is modeled as

1
fitusr = 5P AV ][ A O AV, (4.38)

where Avy, = R (mebe + QXpmbe>. Induced drag results from the lift force and
induced angle of attack. Let a;,q = arctan()y/0.75) denote the induced angle of
attack (using, for simplicity, the average angle, rather than integrating across the
blade), which results from the velocity of the wind relative to the rotating blade;
Q4 = Qgeo — Qing 18 the effective angle of attack; and oy, is the geometric angle of
attack resulting from the blade pitch relative to the plane of the hub. Define N, as
the number of rotors on the vehicle, N, as the number of blades per rotor, and 7 as

the length of the rotor blade. Induced drag is

N, 2 T 1
find - NTQ_TII? / / §p (wr + Sw (Avoo ’ 111))2 c Cﬁaaeffsamdsﬁ) drdqu)ul’ (439)
0 0

which is then integrated along the length of the blade and around one rotor revolu-
tion. To avoid the multivariable integration, the induced angle of attack term «;,q
in Eqn. (4.39) is simplified by assuming uniform inflow (which has shown to be suf-
ficiently accurate for this term, compared to the flap angles where linear inflow was
necessary), using the mean velocity of the blade, neglecting the change in velocity
due to wind, and assuming the angle is small, such that «a;,q = 2A¢. Additionally,
assume a constant effective angle of attack «,,, = 0 + (3/4)0, — Qing, Which yields

the following:
f,0 ~ Nrﬂpc Cpoo, . Sa. Wi (AVs -up) uy. (4.40)

4 eff P ind

The drag force is incorporated in bs, and thrust force is correspondingly chosen
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as

fthrust = (_kxex - k’uey + mges + m)“(d — faero) . b3, (441)

The desired heading by, is prescribed in the outer loop, assuming that b;, is not
parallel to bs,. The desired attitude of the quadrotor transmitted to the inner-loop
controller is Ry = [by, X bs,, ba,, bs,] € SO(3), where by, = (b3, xby,)/|bs, xb1,]|-
Additionally, assume |mges + m¥,|| < B for a given positive constant B. The

complete error dynamics of the system are

(tl“ {RTRd} I — RTRd) eq

| —

er =
o= J! (—QJQ 4 Mypast + M) + QRTR,Qy — RTR,
me, = mX — mXg = mv — mvy (4.42)

mv = mX — mXg = —mges + fthrust + fae7“0'

The stability of the dynamics in Eqn. (4.42) relies on the convergence of the
attitude dynamics in order to ensure that bs follows bs,. Almost global exponential
stability of the attitude dynamics is described above using the moment input in
Eqn. (4.14). Furthermore, for stability of the complete dynamics initial attitude
error must be less than 7/2 [32], corresponding to the configuration error function
U < 1. Applying the control force fi,sr and moment Myp,..s¢ defined in Eqs. (4.41)
and (4.14), the dynamics in Eqn. (4.42) are exponentially stable according to Propo-
sition 4.5, with the region of attraction characterized by W(R(0), R4(0)) < ¢ < 1,

where 1, is a constant.
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Proposition 4.5 ( [32] Exponential stability of the complete error dynamics) Con-
sider the control force fipust and moment Myp,ust defined in Eqs. (4.41) and (4.14).

Suppose the initial condition satisfies

V(R(0), Ra(0)) < ¢ <1 (4.43)

for a fized constant 1,. Define Wy, Wia, Wy € R**2 to be

Wl — 5 (444)

Wiy = , (4.45)

CQkﬁR — %Cgk’g
W, = : (4.46)
—%Czkﬂ Amin(J) ko — c2

where o = \/11(2 — ), ey,., = maX{HeV(O)H,ﬁ}, ¢, ca € R, For any

positive constants k., k,, we choose positive constants ¢, co, kg, kq such that

. dmk,k,(1 — @)
1 <m1n{k3v(1—a),k 2(1—04)<2+4mk ’,/k;xm}, (4.47)

. Ain () kokr 2kgr
< Amin(J)kq, —————, Anin(J) V ER, Amax(J , 4.48
e mm{ ()b, 5 CEEE (1 o A D) 572 (449
4| Wha|?
)\min W . 449
( 2) > Amin(Wl) ( )

Then, the zero equilibrium of the tracking errors of the complete system is exponen-

tially stable. The region of attraction is characterized by Eqn. (4.43) and

lea(0)]1* <

2
Armin (J) kr(1 = Amin ()W (R(0), Ra(0))). (4.50)
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Furthermore, although Proposition 4.5 requires that the initial attitude error
be less than 7/2, the attitude error function ¥ is guaranteed to exponentially de-
crease [32], and will therefore enter the region of attraction in a finite time, by which
almost global exponential attractiveness of the complete dynamics is guaranteed by

Proposition 3 of [32].

4.5 Six Degree-of-Freedom Position and Attitude Simulation

The variable-gain algorithm described by Corollary 4.4 is also included for
the 6DOF quadrotor, and shows improved simulated responses to a step commands
in position. Figure 4.8 shows a step command from initial conditions (—8,1,0) to
(x,y,z) = (0,0,10)m hovering above the origin. Figure 4.9 shows a step command
from initial conditions (—8, —6,0)m to the same final position. In both cases, the
quadrotor reaches the goal with and without the variable gain algorithm, however,
in the case starting closer to the desired position, the variable gain algorithm enables
the vehicle to take a more direct path to the desired location. In the case beginning
farther from the initial position, using variable gains enables the vehicle to more
quickly and effectively approach the desired position, whereas the fixed-gain case

struggles to allocate authority and yields a more erratic trajectory.

61



15

10

(&)]

Position, m

0
5 —e, position | |
—e, position
e, position
-10 .
0 3 4
Time, s
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Chapter 5: Linear Control of Attitude and Position

In addition to the nonlinear control strategy presented above, this work in-
vestigates the benefits of adding flow sensing to a more traditional linear controller.
The linear model of the quadrotor is found using system identification techniques
in the frequency domain. The model is used to calculate stability and performance
criteria for the closed-loop controller, whose gains are optimized based on handling
qualities criteria. This work was presented in the 2019 VFS Autonomous VTOL

Technical Meeting [47].

5.1 Model Identification

Modeling results are presented for the longitudinal degree of freedom (the
process is the same for each of the other degrees of freedom). Define inertial frame
T £ (O, ey, ey, e3) in a north-west-up orientation with O at a known point on the
ground, and body frame B £ (O’, by, by, bs) in a forward-left-up orientation with O’
at the center of mass of the quadrotor, as shown in Figure 2.1. In the longitudinal
degree-of-freedom, u is the velocity along by, ¢ is the pitch rate along bs, 6 is the
pitch angle along by, and A, is the wind velocity in the b; direction. Let X,

and M, be the linear acceleration and angular acceleration response to velocity u,
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respectively. We also define Xa, and Ma, as the linear and angular acceleration

response to wind A, respectively. The state-space description of the system is

i X, 0 g| |u 0 Xa,
gl = [M, 0 Of |q| T | M, Ors(t — 715) + MAn, Ay, (5.1)
0 0 1 0f |6 0 0
1 0 0| 1 7 0
u
010 0
Yy = q + Au (5 2)
0 0 1 0
0
0 0 0] -~ 1

System identification is performed with CIFE_JP;®, which uses frequency sweeps
over each channel to develop a linear model fit. Sweep profiles are performed auto-
matically by inserting a frequency chirp into the flight-controller software. Chirps
sweep from 0.62 rad/s to over 100 rad/s; an example is shown in Figure 5.1. Large
spikes in the data are user inputs to limit translational drift.

The resulting model fit to the flight data is shown in Figure 5.2. Stability
derivatives are presented in Table 5.1, as well as Cramer-Rao bounds and insensi-
tivities showing the level of confidence of the identification [42]. The value for X,
has been fixed based on insensitivity analysis. The model has also been validated in
the time domain against independent data from separate flight tests, showing good
agreement in Figure 5.3.

It was initially predicted that the effect of wind moving over the quadrotor

would be equivalent to the effect of the quadrotor moving forward in air, such that
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Figure 5.1: Chirp data for longitudinal degree of freedom used as input to CIFER®

Xa, = —X, and M, = —M,. Initial experimental testing using this assumption
showed that the quadrotor was unable to completely address the magnitude of the
moment generated by the wind. A second attempt to characterize the value of the
gust stability derivative applied previous experimental data from the force-torque
testing and wind tunnel blade-flap experiments that informed Fig. 3.6. With this
data, blade-flap angle was used to calculated the moment acting on the vehicle.
The linear relationship of blade-flap angle to wind speed led to a linear relation-
ship between the moment produced and the wind speed, with a slope of 0.0154

(Nm)/(m/s), corresponding to Ma, = 22.0, approximately twice the magnitude of

M,,. The translational stability derivative X, was similarly increased, though with
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such a small initial value the change had a much smaller effect than that of the
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o
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Table 5.1: Stability Derivatives

Pitch Rate q

/L——an:\
= = Model
10° 10'

10"
Frequency (rad/s)

10°

102

Phase (deg)  Magnitude (dB)

Coherence

Parameter Value C-R % Insensitivity %
Xu -0.05 - -
M, -10.26 4.54 1.59
M, 5.79 3.16 1.09
Tis 0.0196  5.49 2.74

rotational stability derivative.

5.2 Controller Design

The quadrotor flight controller structure shown in Figure 5.4 uses a fast inner-
loop running at 2kHz to control the attitude dynamics, and a slower outer-loop
running at 100Hz to control the position and heading dynamics. The outer loop

applies gains to velocity and position in proportional-integral (PI) control, and also
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Figure 5.3: Model validation against time-series data

uses a saturation function to limit the maximum desired velocity produced by the
position error. The gain-adjusted velocity error is transmitted to the inner loop,
where the onboard wind measurements are incorporated to produce the desired
attitude. Gains are applied to attitude and rate in a proportional-derivative (PD)

controller and combined with flow feedback to produce the final inputs to the motors.

To implement the PID controller, position and speed are fed back to the outer
loop; and attitude, attitude rate, and wind speed to the inner loop. This example
shows the development in the longitudinal direction (the process for each other

degree of freedom is similar). To limit the maximum reference speed, desired position
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is passed through a saturation function, i.e.,
ug = sat(Kgq(x — 24)), (5.3)

where K, sets the slope of the saturation function. Position and velocity errors

are then calculated as

€y = U — Ug,

€x = T — Iy,

and a PI control gains are applied to yield the desired dynamics, i.e.;

g = — Ky e, — Kpe,.

Inserting Equation (5.5) into the dynamics (5.1) yields

= Xu+ g0+ Xpa, Ay, = —Kyey, — Kpey.
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Taking 6 as the control input to the outer loop system and solving for the desired

pitch angle yields

1
Qd = —(—Kueu — Kzem — qu — XAuAu) (57)
g

The identified value for #; then drives the errors for the inner-loop control

strategy,
€y = 0 — 9d (58)
and
d
=q— —0,. 2.9
€q q dt d ( )
The desired dynamics are:
q = _quq - K9€97 (510)

and substituting into the system dynamics (5.1) yield,

(j = Muu —I— Mglsels —l— MAuAu = _quq — K969. (511)

Rearranging, with 6, as the input, the value sent to the mixer is

1
915 = —(_quq — ngg - Muu - MAuAu)' (512)
Mels

Using separate onboard and offboard sensing necessitates additional control
development. The desired pitch angle must be separated into independent outer- and
inner-loop components, where the outer loop component #;, uses the position and
velocity data only available through motion capture, and the inner loop component
04, uses the wind data only available from the onboard flow sensors, such that
04 = 04, +04,. The stabilizing portion of the feedback can be calculated in the outer
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loop as 04, = (1/g)(—Kye,— K, e,), and the portion cancelling undesired dynamics is
calculated in the inner loop as 64, = (1/9)(—X,u— Xa,A,). Although the onboard
controller does not have access to accurate velocity data, the flow probes measure
the combination of wind speed and flight speed, such that the actual measurement

A! = A, — u. Based on the initial assumption that Xa, ~ —X,,, the desired value

can be calculated as Xa, Al = Xa, Ay — Xa,u = Xa, Ay + Xyu. The updated
value for X, based on the blade-flapping experiments overpredicts the effect of
the quadrotor velocity, but is a necessary compromise due to the nature of the flow

probes. The final inner-loop input similarly approximates Ma, ~ —M,, such that

1
O, = ——(—Kyeq — Kgeg — Ma, ). (5.13)
Mels

5.3 Controller Optimization

A Simulink model of the controller in combination with the identified linear
model were used to identify optimal gains using the CONDUIT® environment.
CONDUIT® requires users to choose a number of specifications relating to handling
qualities stability and performance, then uses a multiobjective optimization engine
to adjust gains such that each of the prescribed handling qualities specifications is
achieved. More details on the CONDUIT® software are available in [43]. Handling
qualities are characterized as level one, two, or three, with one as the best and
three as the worst. The CONDUIT® software is designed to achieve level one
handling qualities for all specifications, while also minimizing actuator usage. Hard

specifications (H) address stability and are required to be met by the optimization,
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soft specifications (S) address performance based metrics and are desirable but not
required, and summed objective (J) specifications are designed to reduce actuator
usage and are correspondingly minimized.

Nominal handling qualities specifications in CONDUIT® are designed for full-
scale manned aircraft. The small size and unmanned nature of quadrotor UAS
lead to different handling qualities requirements, so the CONDUIT® specifications
have been adjusted based on previous work using CONDUIT® for small quadrotor
UAS [41,44]. Additional adjustments were also made based on pilot feedback and
flight performance. The specifications to which the gains were optimized for the
longitudinal outer loop for position control are shown in Table 5.2, with comments
addressing adjustments to handling qualities boundaries. The resulting handling
qualities window is shown in Figure 5.5, and shows that each of the specifications
meets level 1 requirements. The corresponding characteristics of the control law

design are shown in Table 5.3.
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Table 5.2: Handling Qualities Specifications

Parameter Description Type Std. Bounds? Comments
EigLeG1 Eigenvalues Hard Y
StbMgG1 Stability Margins Hard N L1/L2 at 4dB, 20 deg
NicMgG1 Nichols Margins Hard N L1/L2 at 160 deg
DrbRoX1 Disturbance Rejection Bandwidth Soft N L1/L2 at 1.33 rad/s
DrpAvH1 Disturbance Rejection Peak Soft N L1/L2 at 3.33 rad/s
CrsMnG2  Minimum Crossover Frequency Soft N L1/L2 at 4.33 rad/s
CrsLnG1 Crossover Frequency Sum. Obj. N L1/L2 at 10 rad/s
RmsAcG1 Actuator RMS Sum. Obj. Y
Table 5.3: Control Law Performance
Controller Gain Margin [dB] Phase Margin [deg] Crossover Freq. [rad/s] DRB [rad/s]

Pitch Attitude

9.66

21.8

25.8

11.9

Long. Position

4.10

24.8

4.33

1.33
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Figure 5.5: CONDUIT® handling qualities window. Level one in blue, level two
in pink, level three in red. Triangles and flags indicate the value of the handling
quality, green arrows indicate an off-screen value, and the line in Nichols robust

stability indicates the value across simultaneous changes in gain and phase.
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Chapter 6: Quadrotor Control Experimental Results

Experimental testing was performed for each of the controllers developed in
this work: nonlinear attitude, nonlinear position and attitude, and linear position
and attitude. The controllers are implemented on a custom quadrotor, and tested
in a gust-generation environment. Experimental saturation results are also pre-
sented for the attitude-only nonlinear case. This chapter contains work presented
in the 2019 AIAA SciTech Forum [48], as well as the 2019 VFS Autonomous VTOL

Technical Meeting [47].

6.1 Nonlinear Controller

6.1.1 Three Degree-of-Freedom Attitude Control

Initial experimental testing of both saturation performance and the effect of
flow sensing was performed on a 3DOF custom quadrotor test stand, shown in
Fig. 6.1. A 3D-printed ball joint attaches to the center of the vehicle to constrain its
translation. Rotation is unconstrained in yaw, and limited to +60 degrees in roll and
pitch. Saturation performance is experimentally tested by attaching a zip-tie to one

arm of the quadrotor and pulling by hand to produce an impulse. In this case the
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Figure 6.1: Quadrotor experimental attitude test stand

linearization effort did not saturate the system, however, the gains in the controller
exceeded the control authority available for stabilization and thus saturated the
motors. The results are shown in Fig. 6.2 for both static and variable gain cases,
where dash-dot lines show the static case in the top plot, and corresponding motor
inputs are in the middle plot. Variable gain data are shown as a solid line in
the top plot with motor inputs in the bottom plot. The dynamic response of the
quadrotor in both cases is successful and nearly identical. Motor commands are
also similar in the way the motors respond and in the length of time that motor
inputs are on the bounds, however, the variable gains allow the system to maintain
the desired direction of the moment rather than naively saturating multiple motors

at once. The benefits on a position-constrained test-stand are minimal, though
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Figure 6.2: Experimental quadrotor response to motor saturation; top: variable gain
(solid) and static (dash-dot), middle: static gain motor input, bottom: variable gain

motor input

previous simulations show the benefits are greater in free-flight where an incorrect
moment has greater consequences.

For gust rejection tests, the quadrotor test stand was placed in front of the
gust generator in Fig. 2.6, consisting of a set of Dyson fans behind remotely actuated
blinds controlled through Labview using an Arduino. In addition to the on-board
flow probes, a separate Testo 4051 hot-wire anemometer was mounted to the test-
stand frame to provide ground-truth measurements at 1 Hz. Before opening the

blinds, the quadrotor was armed, initialized with e; = —by, and the throttle set just
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above the vehicle weight (noted when the vehicle took the slack on the ball joint).
Then the blinds were opened and closed in a square wave pattern with a period of
four seconds for the first test, and eight seconds for the second test. Results from the
first test, in Fig. 6.3, show improved performance using flow sensing when directly
compared to the same controller without flow sensing, as well as comparing against
the stock PID controller in the Cleanflight software. With active flow sensing the
vehicle shows little to no pitching in response to wind gusts, though it also responds
to the sensor noise and thus shows more inconsistency than the controller without
flow sensing. The response without flow sensing shows a very clear and consistent
correlation to the wind gusts due to the absence of any kind of integral term in the
controller. The PID controller shows the greatest initial response, but returns to
equilibrium due to the presence of an integral term that also causes the vehicle to
pitch toward the fans after the gust ceases.

The second test, in Fig. 6.4, uses a longer period square wave and higher wind
speed to show results when the wind and quadrotor have more time to reach a steady
state. A stronger wind with a longer period highlights more clearly the quadrotor’s
reaction to changes in the wind for each controller, which are less obvious in lower
wind with a shorter period. The response for the feedback linearization case without
flow feedback remains largely unchanged. The PID overshoot at the end of the gust
matches that at the beginning, though it is corrected quickly. The controller with
flow feedback continues to show the least error, though in this case it shows slight
forward pitching at the end of each gust. The lower subfigures of Figs. 6.3 and 6.4

both show that the rising edge of the square-wave gust is sharper and more abrupt
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Figure 6.3: Experimental quadrotor response on attitude stand to 4 m/s gusts in

the e; = —b; direction

than the falling edge, which may be why the quadrotor equipped with flow feedback
shows a slightly degraded response to the falling edge.

The initial-response performance of each controller in the two tests is quantified
in Fig. 6.5 using data from the first 0.5 seconds of each gust. The box plot shows
the median as the central mark in each box, the 25th and 75th percentiles as the
bottom and top of each box, and whiskers that extend to the most extreme data
points. The initial response is analyzed because high initial error will lead to large
translational error even if the attitude is able to recover. There is a small error and
tight spread for the controller with flow feedback, high error and a tight spread for
the controller without flow feedback, and moderate error with a very wide spread

for the PID controller, highlighting the PID controller’s tendency to overshoot.
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This data demonstrates that even in a reduced degree-of-freedom test-stand,
there are clear improvements in gust rejection through the use of flow sensing. The
quadrotor responds to the flow before it affects the vehicle, giving it an advantage
over both other controllers, even when using an integral term. Flow sensors also
avoid the windup associated with adding integral correction, giving a more consistent

and predictable response in unsteady winds.

6.1.2 Six Degree-of-Freedom Position and Attitude Control

Similar tests to those described for the attitude stand are performed to inves-
tigate the effect of flow feedback on position control of a quadrotor in free-flight. For
position testing, baseline wind speeds were established prior to flight using a sepa-
rate Testo 4051 hot-wire anemometer, then tests were initialized with the quadrotor
facing the fans such that e; aligns with by, with Av., along —e;. After initializa-
tion, the quadrotor was flown to a specific position where it was commanded to hold
station, then the blinds were opened and closed in a square-wave pattern to produce
gusts.

These tests utilize the outer-loop controller described in Section 4.4 and com-
pare the same three inner-loop controllers as were tested for attitude experiments:
SO(3) control with flow feedback, SO(3) control without flow feedback, and the
standard PID controller in the Cleanflight software, which also lacks flow feedback.
The inner-loop for each controller was tuned by hand to achieve a fast response

while maintaining stability. Tests in Figs. 6.6 and 6.8 were subjected to a 4 m/s
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Figure 6.6: Experimental quadrotor e; position error in response to 5 s duration 4
m/s gusts in the —e; direction. All three controllers use the same outer-loop control,

and flow velocity is measured onboard using a custom flow probe.

gust in a square-wave pattern with a period of 10 seconds, and tests in Figs. 6.7
and 6.9 show gusts at the same speed with a period of 4 seconds. Figures 6.6 and
6.7 show the time series e; error against the wind speeds measured onboard by the
fore-aft flow probe. Figures 6.8 and 6.9 show the position of the vehicle from an
overhead view in the e; — e, plane on the left, and a side view in the e; — e3 plane
on the right, together showing the full three-dimensional response of the quadrotor
to wind. Figure 6.10 shows a box plot of the horizontal Euclidean-distance error for
the duration of the test, comparing each of the three controllers at the two different
gust frequencies to highlight the statistical differences. The box plot displays the
median, 25th and 75th percentiles as the top and bottom of each box, whiskers
extending to non-outlier points, and additional dots showing outliers.

For both flow periods, Figs. 6.6 through 6.9 show the best performance when
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Figure 6.7: Experimental quadrotor e; position error in response to 2 s duration 4
m/s gusts in the —e; direction. All three controllers use the same outer-loop control,

and flow velocity is measured onboard using a custom flow probe.
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area represents desired altitude based on fan output.
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utilizing flow feedback. Both controllers without flow feedback experience significant
disturbance in the wind direction, and while the PID controller is able to begin
bringing the quadrotor back to the desired position, it suffers from windup overshoot
when the gust ceases, similar to the 3DOF test cases. For both gust frequencies, flow
feedback allows the quadrotor to detect the gust earlier, and when combined with
the model of the dynamic response, the quadrotor directly opposes the resulting
aerodynamic moment without first requiring rigid-body accelerations. The initial
deviation of each of the other controllers without flow feedback is a direct result of
the limitations of IMU sensing, responding only after the vehicle begins to accelerate
away from the desired hover position. The fast response and lack of an integral
term on the SO(3) controller without flow sensing cause it to follow the disturbance
closely, and in fact it maintains a tight position-hold outside of the dynamic portions
of the wind gust. The PID controller begins to correct for the disturbance, but is
unable to return to the desired position prior to the cessation of the gust, leading
to oscillating behavior. Oscillations continue to the point of resonance in the case
of the two second gust, though further tuning may address this issue.

The box plot in Fig. 6.10 provides statistical insight into the behavior of each
controller for the duration of each test. Flow feedback provides good performance,
which is similar for the two different gust frequencies. The SO(3) controller without
flow feedback shows improved performance in the shorter gusts compared to the
longer gusts that maintain a stronger wind while the blinds are open. Conversely,
the PID controller has better performance for the longer gusts due to the resonant

state in shorter gusts. The box plot also shows that only the controller with flow
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feedback has outliers. This result may be due to the noise in the flow probes,
particularly in the lateral direction where no wind is actually flowing over the whole
quadrotor. The quadrotor responds to this measurement that is likely a result of
the inflow aerodynamics through the rotors, which leads to slightly less consistent

behavior in flight.

6.2 Linear Controller

Experimental testing for the linear controller was performed in a similar fash-
ion to that of the nonlinear position and attitude controller, by subjecting the
quadrotor to a series of square-wave gusts at different periods in the indoor gust
generation facility. Figures 6.11 and 6.12 show displacement in the e; direction as
well as the flow speed experienced by the quadrotor. Figures 6.13 and 6.14 show
the e;-e; displacement on the left plot and the e;-e3 displacement on the right plot
over the course of each test.

Figures 6.11 and 6.12 show improvement in station holding through the use of
flow sensing for both tests. The longer time-scale gusts in Figure 6.11 show a more
significant improvement, where both controllers are able to settle before and after
the gusts. Without flow feedback, the quadrotor is blown back by the wind where
it keeps a very consistent position until the gust ceases, and with flow feedback the
quadrotor quickly compensates for the wind, and experiences only a slight movement
in the direction of the wind. The shorter time scale results in Figure 6.12 still show

an improvement through the addition of flow feedback, but highlight the capability
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Figure 6.11: Experimental quadrotor e; position error in response to 5 s duration 5

m/s gusts in the —e; direction using a linear controller. Flow velocity is measured
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Figure 6.12: Experimental quadrotor e; position error in response to 2 s duration 4

m/s gusts in the —e; direction using a linear controller. Flow velocity is measured

onboard using a custom flow probe.
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even without flow sensing from designing the controller for disturbance rejection in
CONDUIT®. Furthermore, the shorter gusts reveal the susceptibility to noise when
using flow feedback.

The linear controller produced by CONDUIT® is designed to address higher
frequency turbulent wind using the disturbance rejection bandwidth specification
[59] without the use of flow sensing, and thus shows comparatively better results in
the two second gusts versus testing with five second gusts. Adding flow feedback
does reduce the e error in the system, however the movement appears slightly more
erratic than in the longer time-scale case. The error at the beginning and end of each
gust remains consistent between the longer and shorter gusts, however the shorter
gusts limit the system’s time to stabilize and thus show the quadrotor repeatedly
overshooting the desired position as wind conditions change.

The differences in performance for the two time scales are highlighted in Fig-
ures 6.13 and 6.14, where in the longer time-scale gusts the systems generally main-
tain a tight position with or without flow sensing apart from the dynamic portion
of the gust. Figure 6.14 shows the quadrotor unable to maintain the tight position
in the presence of more rapid gusts for both cases and also show significant motion
in the ey direction when flow feedback is utilized, resulting from noise and faulty
measurements in the flow signal in the lateral direction. In the longer-time-scale
gusts, the ey flow error reduces as the vehicle settles. However, the more dynamic
wind in the shorter time-scale leads to fluctuation in the ey direction in addition
to the response to the primary flow in the e; direction. This is most likely due to
inflow aerodynamics influencing the flow field around the flow probes.
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Chapter 7: Conclusion

This work details an investigation into quadrotor stability in wind, including
aerodynamics, controller development, and sensing modalities. The effort begins by
developing a physics-based model of the blade-flapping phenomena for quadrotor
propellers that includes the effect of linear inflow dynamics, and is then simplified
to improve tractability for small flight controllers. The blade-flapping model is used
to predict the forces and moments at the propeller hub, which are validated by an
experiment using a rotor-pendulum test stand.

The aerodynamic forces and moments are added to the model of a quadrotor,
first in an attitude-only 3DOF case, and then for a full 6DOF free-flying quadrotor.
The model of the quadrotor is developed on SE(3), which provides a geometric
description of the quadrotor’s motion, and avoids singularities in the kinematics
associated with Euler angles. A feedback-linearization controller is able to directly
address the quadrotor’s nonlinear kinematics as well as the aerodynamic terms.
Furthermore, a variable-gain algorithm is developed that addresses thrust saturation
when the control gains are sufficiently high to saturate the motors, so that the
direction of the desired moment on the vehicle is preserved. Simulated results for

both 3DOF and 6DOF controllers show the benefits of flow sensing and variable
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gains.

A linear controller is developed separately to investigate the benefits of adding
flow feedback to cancel aerodynamic forces and moments to a quadrotor whose
controller is optimized for gust rejection prior to adding flow sensing. Frequency-
domain system-identification provides the linear model of the quadrotor, which is
used to select gains that optimally satisfy handling qualities requirements.

A custom 3DOF quadrotor attitude test stand, and custom free-flight quadro-
tor platform provide experimental results. All experiments use the same platform,
with the reduced degree-of-freedom test stand affixing the quadrotor to a ball-joint
at the center of the vehicle. Testing is performed in a motion-capture facility, in
front of a gust generation system that produces square-wave wind inputs. The flight
controller on the vehicle uses Cleanflight software, which was modified to run the
controllers designed in this work and also interface with custom flow probes that
provide wind sensing.

The nonlinear controllers show benefits through the addition of flow feedback
for both free-flight and attitude-only cases. The controllers are compared to an
identical controller without flow feedback as well as a more typical PID controller.
Using flow feedback enables the quadrotor to counteract the pitching moment and
corresponding translational disturbance resulting from a wind gust, and also avoid
the integral windup associated with including and integral term in the controller.
The linear controller that was specifically designed to address gust rejection expe-
rienced similar benefits through the addition of flow feedback, showing improved

station holding in the presence of unsteady wind gusts. One disadvantage of incor-
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porating flow sensing on a quadrotor is that the complex inflow dynamics of the
quadrotor propellers interfere with wind measurements, corrupting the signal and
degrading flight performance.

Future work for this project may include an effort to address the flow mea-
surement interference from inflow dynamics, possibly through flow probe placement
or advanced filtering. Additionally, the work shows potential for use in outdoor
swarms, where information from one vehicle may be able to warn others of incom-

ing wind events through the use of one or several flow-aware quadrotors in a group.
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Appendix A: Blade-Flapping Equations of Motion

The equations setting up the rotor dynamics in Section 3.1 are used here to
derive the blade-flapping equations for a rotor with a fixed hub, using the angular-
momentum form of Newton’s second law. The inertial derivative of the angular

momentum along the cs component in the hinge-axis direction is

4 ..

— (*hpor) - co=dm[(—(r —e)? — (r — e)eC

2 (o) (= — e —( 1 )eCs) -
+ (r — e)eSBBQ + (—=(r —e)eSs — 5(7‘ — e)QSgg)wQ]

and the corresponding moment My - ¢y is

Co / rpor X ngL) = —/ (GCIB + (7’ - 6))dF3
0 ¢ (A.2)

+/ 685dF1 +/ (6 + (7“ - e)C’g)gdm + kﬁﬂ,
where the final term is the torsional spring moment. Applying Newton’s second law

to equate (A.1) and (A.2) and substituting for dF} yields

/:(r —€)?Bdm + /:[(r —e)eSs + %(r — €)2Sys)w?dm )

= /T(r —e)dFy — kgff — /T(r —¢e)Cgzgdm.

The following substitutions are made according to convention [60]: I is the
blade moment of inertia, Ny is the blade static moment, and M é is the aerodynamic

moment on the blade, ie., Iz = [(r —e)2dm, N5 = [/(r — e)dm, and M} =
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f:(r — e)dF3. Equation (A.3) becomes
[,BB + (N,ges,g + 5]@325) w? + kﬁﬁ = Mé — NﬁgCﬂ. (A4)

Define wg, as the torsional spring natural frequency, i.e., wg, = 1/kg/Is. The flap
angle (3 is expected to remain sufficiently small to permit the small-angle assumption

[19,27]. These substitutions yield

i Nge | wj Mj  Ngg
1+ -+ = = — A5
B—i_ ( + ]@ + WQ)ﬁ Ing [5&)2’ ( )

where * denotes differentiation with respect to 1 such that ﬂ = wg , following con-
vention [19]. Set v5 = (14 Nge/Ig+wp, /w?), and define p as the density of air, Cy, as
the lift slope, ¢ as the blade chord, and consider the Lock number v = pCy, cr/I5.
Then define M}/(Isw?) = yMjg, where My = (pCy,cr'w?) ™! [7(r — e)dF;. With

these final substitutions, (A.5) becomes the canonical blade-flapping equation, i.e.,

B+ 28 =y Mg — wQIZ' (A.6)

The value for the aerodynamic moment Mp is derived using the lift and drag
forces in the dg direction. Define «;,4 as induced angle of attack due to the relative
wind, dL as the differential lift, and dD as the differential drag. Assume both «;,q4

and dD are small, yielding
dFy =C,,, ,dL - S,, ,dD =~ dL. (A.7)

Denote by Ur the tangential component (relative to ds) of the flow velocity, Up
the perpendicular component of flow velocity, aefr = @geo — ing the effective angle
of attack, and age, = 0y + 0y, the geometric angle of attack, as seen in Fig. A.1.
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Figure A.1: Aerodynamic forces and angles on a rotor blade

Parameter 6, is the root angle of attack, 6, is the linear twist of the blade, and
r’ = r/7 is the blade element distance as a fraction of total length. Define

1
dL = —pU%cCga Qefpdr,

2 (A.8)
Qling = tan ™" E ~ E
ind UT UT )

where the final approximation holds because Up < Ur.

In order to model the tangential and perpendicular flow over the blade, define
inflow \; = A\o(1 + &y, cos®)) using a linear inflow model [19]. When investigating
blade flapping, uniform inflow is often assumed in quadrotor literature [23,24,27];
however, Niemiec and Gandhi [61] showed that using uniform inflow in trim calcu-
lations considerably underpredicts pitching moment as compared to linear inflow.
Furthermore, in this work, uniform inflow has proven insufficient to predict forces
and moments on the hub when comparing to experimental results. Additionally,
the inflow ratio A\g is typically solved implicitly, though for this work a simpler

fixed value shows sufficient accuracy over a range of conditions. The parameter
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ky, = (15m/23)tan(x/2) is taken from the model by Pitt and Peters [19], where
x = tan~!(p/Ng) [62] and p is the advance ratio of the propeller, which is the ratio
of wind speed over the hub to the tip speed of the blades.

The tangential and perpendicular flow over the propeller are

Ur = wr + pwiSy,

(A.9)
Up = Nwr + wB(r — e) + puwrSzCly.
Applying a small angle assumption to Up and defining ¢/ = ¢ and dr’ = % yields
1 ! / / / /
M5:§ (7” —6) (‘90+9tw7’)(7’ +,U/S¢)
¢ (A.10)
= DL+ b 'Cy) + B = )4 BC] 7+ 5) |
Integrating M and substituting into (A.6) gives
5+ 1-5% 1 n_ {5 —de +4e” - o’ S| B
8 3 3 3 B Kt
R ) Nse | @y
+{8 <3—2e+ 3 uC’w+(1—2e+e)uSg¢ + 1+ I; +w2 B
g 4e’ & 8 ’ 4¢” ! 12\ 2q2
_890[<1— 54+ ,u5’¢—|—<2—4e+26 )uSw
(A.11)

8¢’ 2¢* 4 2¢'
+ (23+ 3 >u8¢+ <326’+ 3 ;ﬂsﬁ,}
Y 4 / 26/3 / /2
—g)\ 5—26+ 3 +(2—46 + 2e ),uSw

4 13
vy 4e’ € 2, e gNg
ke (12224 e+ S .
AR [( 3 + 3>C¢+<3 e+ 3 S 2y I

ES
where the forcing terms on the right side and the  term result from the solution to

the aerodynamic moment Mg.
Although this work is primarily motivated by the the propeller’s behavior in
wind, setting the advance ratio u to zero (as in hover) gives intuition by representing
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the propeller as a damped second-order system. Here the forcing function arises from
a (virtual) periodic increase in angle of attack analogous to a full-size helicopter’s
cyclic pitch input, e.g., the angle of attack is higher on the advancing side, lower on
the retreating side, and unchanged over the nose and tail. Although it is not possible
to physically change the angle of attack of each blade on the propeller, the solution
serves as a theoretical tool for comparison against full-size helicopters. Redefining
(A.11) using the normalized derivative with respect to time, i.e., E = B/w, setting
= 0, assuming virtual cyclic input such that 8 = (6 + 04,7") (1 + 015 sin 1)), where
015 is the magnitude of the cyclic input, and ignoring constant offset in forcing yields
the classical, damped second-order system with natural frequency w,,, damping ratio

¢, and forcing function Aw?sin(wt), where A is a constant, i.e.,
B+ 2¢wnf + w2p = Aw?sin(wt). (A.12)

Comparing (A.12) to (A.11), the damping ratio is ( = ~/(16vs)(1 — 8¢'/3 +
2¢/* — ¢'*/3) and the natural frequency is w, = wrz. Solving (A.12) yields the
particular solution

ﬂp = ﬂmax Sin(Wt - ¢D), <A13)

where

A
Bma:p = y

\/<(%)2 - 1>2 (205 (A.14)
ép = tan! (ﬂ) .
()" 1

Here, 3,4, indicates the maximum flapping deviation of the propeller from nominal

angle 3y, and ¢p represents the azimuthal angular phase delay between the apparent
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maximum aerodynamic force when the advancing blade is moving directly into the
wind, and the maximum flapping amplitude.

Figure A.2 (adapted from [60]) shows phase-delay solutions to (A.12) for vary-
ing natural frequency and damping ratio. For a typical full-size helicopter with
vg = 1.04 and ( = 0.42, the phase delay is 85° [60]. Analysis of a small, stiff
propeller is performed using a Gemfan 5030 propeller rotating at 8000 rpm. The
propeller is 2.7 grams and 12.7 centimeters in diameter, with a 1.5 centimeter chord.
Assuming ¢’ = 0.1 and ks = 3 Nm/rad based on model and experimental fit below,
the values of the characteristic blade-parameters are as follows: scaled natural fre-
quency vg = 1.9, damping ratio ¢ = 0.026, and Lock number v = 1.04. Due to the
atypical values of these parameters compared to full-scale helicopters, the hover flap
response to this virtual excitation is also atypical: the phase delay is ¢p = 2.2°, as

shown by Fig. A.2.

When solving (A.11) assuming wind over the hub with nonzero advance ratio,
periodic terms do not allow for a true analytical solution. However, by taking the
Fourier series solution and retain only first harmonics, i.e., 5(¢) = By + [1ccosy +
P15 sin 1, it is possible to harmonically match constant and periodic (sine and cosine)

terms on each side of the equation [19]. The resulting solution is
By =L — (¢ —2¢” + e B+ 6 1747/ 67 <1,2 +1¢ )
TRzl T T Ty e 3 3 e

(Fef)fes) o)) e
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Figure A.2: Blade-flapping phase delay in hover
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Equations (A.15-A.17) yield very different characteristics compared to (A.14),
primarily due to the presence of the linear inflow term Aok, in (A.16), which changes
the azimuth angle of the maximum aerodynamic force. Specifically, the linear inflow
model yields a 97% change in phase delay compared to (A.14), versus a 1% change

when assuming uniform inflow. In order to identify (,,., and ¢p with u # 0, apply
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the sinusoidal relationship A cos(wt + ¢) = I coswt — @ sinwt [63], which shows

B(¥) = Bo + msin [@zj - (tan—l (g) - g)] . (A.18)

Comparing (A.18) to (A.13) indicates the maximum flap amplitude variation

Bmaz = \/ 8%, + B2, and phase delay ¢p = tan™!(B15/P1e) — /2. Assuming the same

values as above for €/, kg, and propeller speed, the phase delay and maximum flap of
the propeller in 3 m/s wind are ¢p = 81° and S,,4, = 0.10°. This result is expanded

upon in Section 3.2 to identify the forces and moments acting on the propeller.
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Appendix B: Cleanflight Software Modifications

Changes made to the Cleanflight software to add the controllers and sensing presented in

this work are listed here. Both the firmware and the user interface were updated.

B.1 Firmware

B.1.1 Update for controller

pid.c

- modified the final pid function “pidController” to use SO(3) and flow cancelling frame-
work

- Created “pidInitInertia” to set inertial parameters since that doesn’t need to be run
every PID loop

- flowUpdate here, but not flowlnit!

- #include time.h fc/config.h and flow.h

- updated default PID values

- set constants and initialized variables at the top of the file

- Edited P gains in the RESET_CONFIG
pid.h

- adjusted pid limits
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imu.c
- Added rotation matrix functions “SO3AttitudeErrorl,2,3” for pid.c
imu.h

- Included rotation matrix functions

B.1.2 Update for flow sensors

flow.c and flow.h
- created, modeled off of gps.c and gps.h
Makefile
- add sensors/flow.c to normal and speed optimized src
parameter_group_ids.h
- #defined PG_.FLOW_CONFIG
flight /mixer.c
- Removed pid scaling and limiting
- Removed normalizing for the mix
- Removed motorOutputRange multiplier for motors since they’re already in the desired
units
- include build/debug.h to debug some of the variables
fc/config.c
- added a section to clear FEATURE_FLOW if USE_FLOW is not defined (and added
the same for other features based on newer versions of cleanflight)
fc/config.h

- added FEATURE_FLOW to features_e (Needs to match the number in Features.js)
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io/serial.h

- added FUNCTION_FLOW to serialPortFunction_e (needs to match number in MSPHelper.js)

- added uint8_t flow_baudratelndex
io/serial.c

- Added serial port configuration if FLOW_UART is defined
sensors/sensors.h

- added SENSOR_FLOW to sensors_e
sensors/barometer.c

- updated baro_hardware to be BARO_DEFAULT from newer cleanflight to get baro to
work on Matek
sensors/compass.c

- mag_hardware to MAG_DEFAULT
sensors/compass.h

- added mag_bustyype through ioTag_t mag_spi_csn
fc/cli.c

- added FLOW to featureNames, and sensorTypeNames and added flow.h to the file and
flow.h header

- Don’t need to play with the baud rate stuff at all (gps bauds cover all serial sensors)
fc/fc_init.c

- added flow initiation if FEATURE_FLOW active and added flow.h to the file
fc/fc_tasks.c

- enable flow task if USE_FLOW and FEATURE_FLOW active and added flow.h header
to the file

- added TASK_FLOW with 100 hz sample rate and medium priority
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target/common_fc_pre.h

- added #define USE_FLOW

- Set debug mode to flow (#define DEBUG_MODE DEBUG_FLOW)
scheduler/scheduler.h

- #ifdef USE_FLOW, run TASK_FLOW
fc/settings.c

- added PG_FLOW_CONFIG stuff (may not be needed, but seems relevant), and flow.h
header
build/debug.h

- added DEBUG_FLOW as a debug option (and updated the flow script accordingly)
target/ MATEKF405 /target.h

- added flow uart and gps uart definitions for automatically setting them up on the GUI

- added serialRX provider

- defined MAG and set up i2c¢ section, which includes BARO section

- default features: motor stop, flow, gps

- default current and voltage source ADC, set current meter scale
target/ MATEKF405 /target.mk

- added accgyro_spi_mpu6000 driver, barometer drivers, and compass drivers

B.1.3 Notes

- Need to edit io/osd.c to show the information on an FPV display
- don’t need the flow_yeo or flow_fake drivers
- Don’t need to add flow baud rate code, gps covers all serial sensors. Unnecessarily

changed files: fc/fc.msp, io/serial.c. Other affected files that were also modified for other
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reasons: fc/cli.c, io/serial.h

B.2 Configurator

Note: I added flow baud rate code, but later realized that the gps baud rate serves as
the sensor baud rate, so I don’t need to add flow baud rate code, and it actually causes
problems for the gui.
Features.js

- added FLOW to features tab (needs to match number in fc/config.h)
tabs/ports.js

- added FLOW port to sensors dropdown

- added FLOW to gpsbaudrate on 182 so that it doesn’t default to flow for that.
js/msp/MSPHelper.js

- add FLOW to self. SERIAL_PORT_FUNCTIONS (Needs to match the number in
main/io/serial.h)
_locales/en/messages.json

- Added message for flow, and description for the FLOW feature in configuration tab
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